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CONCEPT QUICKSTART - Basic Concepts

Unit: Unit 9: Differential Equations

Subject: For CBSE Class 12 Mathematics

SECTION 1: UNDERSTANDING THE CONCEPT
1.1 What Is a Differential Equation?

A differential equation is a mathematical statement that connects an unknown function with
one or more of its derivatives. Atits core, it is an equation about change. Unlike simple
algebraic equations that relate variables like x and y, a differential equation describes the
relationship between a quantity (y) and its rate of change (dy/dx). This allows us to create
mathematical models of dynamic processes—from population growth to planetary motion—
where the core principle is a known rate of change.

An equation involving derivatives of a dependent variable with respect to an independent
variable is called a differential equation.

This is a significant evolution from the algebraic equations you have solved previously. The
solution to an algebraic equation, like x> -3x+3= 0, is a number. In contrast, the solutionto a
differential equation is a function—a complete curve or family of curves that satisfies the
relationship defined by the equation. Therefore, solving a differential equation is not about
finding a point, but about finding the equation of the solution curve (or family of curves) that
satisfies the given rate of change at every point. When you see terms like y' or dy/dx in these
equations, it's crucial to understand them not just as symbols for slope, but as variable
quantities whose relationship to x and y is what the equation defines. Understanding this
conceptis the first step toward using mathematics to describe the world in motion.

1.2 Why It Matters

Differential equations are one of the most powerful tools in applied mathematics and
science. Their strategic importance lies in their ability to translate real-world physical,
biological, and economic principles—which are often expressed as rates of change—into a
mathematical form that can be analyzed and solved. Studying differential equations is crucial
because it provides the language and methodology for modeling complex, dynamic
phenomena.

These equations are fundamental to modern scientific investigation and appear across a vast
range of disciplines. Their applications are found in:

e Physics (e.g., laws of motion, electrical circuits)

e Chemistry (e.g., reaction rates)
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o Biology (e.g., population growth, disease spread)
e Anthropology

e Geology

e Economics (e.g., models of financial markets)

The broad impact of this concept means that mastering the foundational skills of identifying
and solving differential equations is essential for anyone looking to apply mathematics to
real-world problems.

1.3 Prior Learning Connection

The study of differential equations is not an isolated topic; it is a direct and logical extension
of your work in calculus. Your existing knowledge of differentiation and integration forms the
bedrock of this unit. Mastery of these prerequisite concepts is essential for success.

1. Differentiation: You must have a strong command of differentiation to understand
what a differential equation is saying. The derivatives (y', y", etc.) are the core
components of the equation, and your ability to interpret them is fundamental to
analyzing the equation's structure.

2. Integration: Integration is the primary mechanical tool used to solve differential
equations. Since a differential equation involves derivatives, the process of finding the
solution function requires "undoing" those derivatives, which is precisely what
integration accomplishes.

1.4 Core Definitions

A clear understanding of the core terminology is the first step toward classifying, analyzing,
and ultimately solving differential equations. The following definitions are central to this entire
unit.

o Differential Equation
o NCERT Reference: Section 9.2, Page 301

o Definition: An equation involving the derivative (or derivatives) of a dependent
variable with respect to an independent variable (or variables).

o Used In: All problem types within this unit.
e Ordinary Differential Equation
o NCERT Reference: Section 9.2, Page 301

o Definition: A differential equation involving derivatives of the dependent
variable with respect to only one independent variable.
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o Used In: All problem types within this unit, as it is the focus of the Class 12
syllabus.

¢ Order of a Differential Equation
o NCERT Reference: Section 9.2.1, Page 301

o Definition: The order of the highest order derivative of the dependent variable
involved in the differential equation.

o Used In: Classifying all differential equations; a primary step in problem
recognition.

o Degree of a Differential Equation
o NCERT Reference: Section 9.2.2, Page 302

o Definition: The highest power (positive integral index) of the highest order
derivative, provided the equation is a polynomial equation in its derivatives. If it
cannot be expressed as such, the degree is not defined.

o Used In: Classifying polynomial-type differential equations.
e General Solution
o NCERT Reference: Section 9.3, Page 305

o Definition: A solution to a differential equation which contains arbitrary
constants. It is also known as the primitive.

o Used In: Finding the entire family of functions that satisfy the equation.
e Particular Solution
o NCERT Reference: Section 9.3, Page 305

o Definition: A solution obtained from the general solution by assigning specific
values to the arbitrary constants. It is free from arbitrary constants.

o Used In: Finding the specific solution curve that passes through a given point or
satisfies certain initial conditions.

These definitions form the grammatical rules for the language of differential equations,
enabling us to discuss and deconstruct problems with precision.

SECTION 2: WHAT NCERT SAYS

2.1 Key Statements
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The NCERT textbook establishes several fundamental rules and properties for working with
differential equations. These core principles are not just procedural steps but are the logical
foundation for everything that follows.

1. The classification of a differential equation begins by identifying its order—the highest
derivative present.

2. The degree of a differential equation is only defined if the equation can be written as a
polynomialin its derivatives (e.g., no terms like sin(y")).

3. Both the order and degree of a differential equation, when defined, must be positive
integers.

4. The solution to a differential equation is a function, often represented as y = ¢(x), not a
single numerical value.

5. Ageneral solution represents a family of solution curves and contains a number of
arbitrary constants equal to the order of the differential equation.

6. A particular solution is derived from the general solution by using given conditions
and contains no arbitrary constants.

2.2 Examples and Exercises

Working through the solved examples in the NCERT textbook is the best way to see these core
concepts in action. They provide a clear bridge from theoretical definitions to practical
application.

o Example 1 (Page 303): This example demonstrates how to determine the order and
degree of three different equations. Its importance lies in case (iii), y"' +y" + e”(y') =0,
which critically shows a scenario where the order is defined (3) but the degree is not.
This reinforces the 'polynomial in derivatives' rule by demonstrating that even a single
term like e”(y'), where a derivative is the input to a transcendental function, is enough
to make the degree undefined.

e Example 3 (Page 305): This example demonstrates how to verify that a function
containing two arbitrary constants (y = a cos x + b sin x) is a solution to a second-order
differential equation (dy/dx? + y = 0). This is a crucial demonstration because it
clarifies the relationship between a general solution, its arbitrary constants, and the
order of the differential equation it satisfies.

To practice and master these concepts, the following NCERT exercises are essential:

o Exercise 9.1 (Questions 1-12): Focuses on determining the order and degree of
various differential equations.

o Exercise 9.2 (Questions 1-12): Focuses on verifying whether a given function is a
solution to a corresponding differential equation.
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Moving from these foundational exercises, you will be well-prepared to tackle the methods for
actually solving these equations.

SECTION 3: PROBLEM-SOLVING AND MEMORY
3.1 Problem Types

For the basic concepts in this chapter, the primary "problem type" involves classifying a
differential equation. This is the mandatory first step before attempting to solve any equation,
as the classification often dictates the solution method.

e Problem Type: Identifying Order and Degree

e Structural Goal: To correctly classify a given differential equation by determining its
order and (if defined) its degree.

e Recognition Cues:

o Surface: The problem will provide an equation containing derivative notations
likey', y"', dy/dx, d*y/dx®, etc.

o Structural: The task requires you to scan the entire equation to locate the
derivative of the highest order and then examine its power.

e What You're Really Doing: You are analyzing the fundamental structure of the
equation to understand its complexity before deciding on a solution method. This is
analogous to identifying an equation as linear or quadratic before trying to solve it.

o NCERT References:
o Examples: 1 (pg 303)
o Exercises:9.1(Q 1-12)

e Confusable Types: The primary confusion is mixing up order (which is based on the
highest derivative, e.g., d®y/dx®) with degree (which is the power of that highest
derivative).

3.2 Step-by-Step Methods

Classifying a differential equation is not a matter of guesswork; it follows a clear, systematic
process that should be applied every time.

e Type:ldentifying Order and Degree: Solution Method

e Pre-Check: Before determining the degree, ensure the equation is a polynomialin its
derivatives. This means there are no derivatives inside other functions (like sin(y')) and
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no fractional powers on derivative terms. Crucially, if the equation involves radicals
or fractional powers on derivative terms, you must first algebraically manipulate
the equation to eliminate them. The degree can only be assessed after the
equation is fully expressed in polynomial form.

e Core Steps:

o Step 1 (Identify Derivatives): Scan the equation and list all the distinct
derivative terms (e.g., dy/dx, d’y/dx?, etc.).

o Step 2 (Determine Order): Identify the highest-order derivative from your list.
Its order is the order of the differential equation.

o Step 3 (Check for Polynomial Form): Verify if the equation is a polynomialin
all its derivative terms after clearing any radicals.

o Step 4 (Determine Degree): If the check in Step 3 passes, find the positive
integer exponent on the highest-order derivative term. This exponent is the
degree. If the check fails, state that the degree is not defined.

e When NOT to Use: This classification method is always the first step. However, the
concept of 'degree' is not used for non-polynomial equations, as seen in Example 1(iii),
where the degree is stated to be "not defined".

3.3 How to Write Answers

Presenting your answer clearly and logically is just as important as finding the correct order
and degree. A well-structured answer demonstrates your understanding of the definitions.

e Answer Template: Order and Degree Justification

e When to Use: Use this structure for any question that asks to find the order and
degree of a differential equation.

e Line-by-Line:

o L1 (Highest Derivative): State the highest order derivative presentin the given
equation. (e.g., "The highest order derivative is d3y/dx <)

o L2 (State Order): Conclude the order from L1. (e.g., "Therefore, the order is 3.")

o L3 (Polynomial Check): State whether the equation is a polynomial in its
derivatives and justify why.

o L4 (State Degree): Based on L3, state the degree by identifying the power of the
highest derivative, or state that the degree is not defined. (e.g., "The power of
d’y/dx®is 2, so the degree is 2." or "Since the equation involves sin(y"), it is not a
polynomialin its derivatives, and thus the degree is not defined.")
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o Essential Phrases: "The highest order derivative presentis...", "Therefore, the order of
the equationis...", "The equation is/is not a polynomial in its derivatives because...",
"The highest power of the [highest derivative term] is...", "Hence, the degree is...".

e General Rules:

1. Always state the order and provide the derivative term you used to determine it.
2. Always provide a justification for the degree, whether it is defined or not.
3. Ensure your final answer states the order and degree as positive integers.

3.4 Common Mistakes

When first learning about order and degree, students often fall into a few common
conceptual traps. Being aware of these pitfalls can help you avoid them.

o Pitfall 1: Confusing Order and Degree
o Category: Logic
o Occurs In: Identifying Order and Degree problems (Exercise 9.1).

o Wrong: Looking at the highest power in the entire equation instead of the power
of the highest order derivative. For (y")3 + (y‘)4 =0, wrongly stating the degree is
4,

o v Fix: Always find the highest order derivative first (here, y"), and only then look
at its power (here, 3). The order is 2, the degree is 3.

o Pitfall 2: Assigning a Degree to a Non-Polynomial Equation
o Category: Logic/Definition

o Occurs In: Identifying Order and Degree problems involving trigonometric or
exponential functions of derivatives (e.g., NCERT p. 302 example; Exercise 9.1,

Q1, Q4).
o Wrong: For d*y/dx* + sin(y"') = 0, stating that the degree is 1.

o v Fix: Recognize that sin(y"') makes the equation non-polynomialin its
derivatives. The correct answer is "degree not defined".

o Pitfall 3: Being Misled by Radicals or Fractional Powers
o Category: Algebra

o Occurs In: Identifying Order and Degree problems where derivatives are under
aroot.
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o Wrong: Reading the degree directly from an equation with fractional powers on
the derivatives.

o ¥ Fix: First, clear any radicals or fractional exponents to make the equation a
polynomialin its derivatives, and then determine the degree.

o Pitfall 4: Misinterpreting the 'Polynomial in Derivatives' Rule
o Category: Definition/Logic

o Occurs In: Problems where non-polynomial terms involve y but not its
derivatives (e.g., Exercise 9.1, Q10).

o Wrong: Fory" + 2y' + sin(y) = 0, seeing the sin(y) term and incorrectly stating the
degree is "not defined."

o v Fix: The rule applies only to derivatives. This equation is a polynomialin y"
andy' The highest order derivative is y", and its power is 1. Therefore, the order
is 2 and the degree is 1. The term sin(y) does not affect the degree definition.

e Condition 1: Polynomial in Derivatives

o Rule: The degree of a differential equation is defined only when itis a
polynomial equation in its derivatives (y', y", etc.).

o When: This is the absolute first check before you state the degree.
o Linked: This condition is fundamental to the definition of Degree.
3.5 Exam Strategy

Approach this topic strategically by focusing on mastering the foundational concepts before
moving on. A solid understanding of the basics will prevent confusion later when learning
solution techniques.

e Example Range: Focus on understanding Example 1 (pg 303) for order/degree and
Examples 2 & 3 (pg 305) for solution verification. These examples perfectly
encapsulate the core skills required.

o Exercise Sets: Practice is key. Work through all questions in Exercise 9.1 (Order and
Degree) and Exercise 9.2 (Verifying Solutions) to build confidence and accuracy.

e Question Patterns: Based on the exercises, expect direct questions like "Determine
the order and degree" and "Verify that the given function is a solution." These are high-
probability, foundational questions.

e Approach: Master the core definitions in Section 1.4 > Solidify understanding with the
worked examples > Apply your knowledge by completing all problems in Exercises 9.1
and 9.2.
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3.6 Topic Connections

The basic concepts of differential equations serve as a critical bridge between your past and
future studies in mathematics.

e Prerequisites: Your proficiency in this unit relies heavily on two prior topics:

o Differentiation: Essential for understanding what the terms in a differential
equation represent.

o Integration: The fundamental technique used to solve differential equations.

e Forward Links: This topic is the gateway to more advanced concepts and
applications:

o Methods of Solving DEs: Understanding these basic concepts is the first step
before learning solution techniques like Variables Separable, Homogeneous
Equations, and Linear Differential Equations, which are covered later in
Chapter 9.

o Applied Mathematics & Science: These concepts are the foundation for
modeling real-world problems in fields like physics (e.g., motion, circuits) and
biology (e.g., population growth).

3.7 Revision Summary

This summary contains the most critical, non-negotiable points that must be memorized for
this topic. Review these points regularly to ensure a strong foundation.

e KeyPoints:

1. Adifferential equation is an equation that contains at least one derivative of a
dependent variable.

2. The order is the order of the highest derivative in the equation.

3. The degree is the highest integer power of the highest-order derivative, but only
if the equation is a polynomial in its derivatives.

4. If an equation contains terms like sin(dy/dx) or e”(y'), its degree is not defined.

5. The solution of a differential equation is a function or a family of functions, not
a single number.

6. A general solution contains arbitrary constants, with the number of constants
equal to the order of the equation.

7. Aparticular solution is free from arbitrary constants and is found using
specific initial conditions.
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8. Order and degree (if defined) are always positive integers.
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