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Concept QuickStart - Methods of Integration

Unit 7: Integrals

Subject: For CBSE Class 12 Mathematics

SECTION 1: UNDERSTANDING THE CONCEPT
1.1 What Are Methods of Integration?

While finding an integral by "inspection"—that is, by recognizing the integrand as the
derivative of a known function—is a useful starting point, it has significant limitations. Many
functions are too complex for this intuitive approach. This is where the strategic importance
of structured methods of integration becomes clear.

The core purpose of these methods is to provide a systematic way to solve complex integrals
by reducing them into standard, solvable forms. As the NCERT textbook states, when
inspection is "not very suitable for many functions," we must develop additional techniques.
The three prominent methods introduced for this purpose are:

¢ Integration by Substitution
o Integration using Partial Fractions
e Integration by Parts

A common misunderstanding is that integration is simply about memorizing a long list of
formulas. In reality, it is more about learning strategic methods to transform difficult
problems into simpler ones that the standard formulas can solve. Mastering these techniques
is the key to unlocking the full power of integral calculus.

1.2 Why It Matters

Mastering the methods of integration is essential for success in calculus and its many
applications. These techniques dramatically expand the range of functions that can be
integrated, moving far beyond the basic forms that can be solved by simple inspection. The
NCERT text underscores this by noting that the inspection method is insufficient for a wide
variety of functions.

Furthermore, these methods are the practical tools that make integral calculus a cornerstone
of problem-solving. The NCERT text (p. 226) highlights that the definite integral serves as a
"practical tool for science and engineering" and is used to solve important problems in
"economics, finance and probability". Ultimately, these methods provide the essential bridge
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between the theoretical concept of the anti-derivative and its application in solving complex,
real-world challenges.

1.3 Prior Learning Connection

Applying integration methods is not just about learning new rules; it is about deploying a set
of specific, previously mastered skills. Success with these techniques depends directly on
your fluency with the following mathematical tools.

o Derivatives of Standard Functions: This knowledge is the bedrock of integration. Itis
essential for the "method of inspection" and, more critically, for identifying the correct
function-derivative pairs required for the Integration by Substitution method.

o Trigonometric Identities: Many complex trigonometric integrands cannot be solved in
their original form. A deep understanding of trigonometric identities is required to
simplify expressions involving powers (e.g., sinsx) or products (e.g., sin 2x cos 3x) into
solvable forms, a technique detailed in Section 7.3.2.

¢ Algebraic Manipulation: Advanced algebraic skills are indispensable. Techniques like
completing the square (covered in Section 7.4) are critical for transforming
integrands with quadratic expressions into one of the standard integral forms.

These prerequisite skills are the building blocks upon which the more formal and powerful
methods of integration are constructed.

1.4 Core Definitions and Formulas

The methods of integration are underpinned by a set of core formulas and rules derived from
the principles of differentiation and algebraic manipulation. The following are central to the
techniques discussed in the NCERT text.

Integration by Substitution
o NCERT Reference: Section 7.3.1, p. 236

o Formula/Rule: For anintegral [f(x)dx, if we substitute x = g(t), the integral transforms
into [f(g(t))g'(t)dt.

e Used In: Problems where the integrand contains a function and its derivative as a
multiplicative factor, allowing a complex expression to be simplified by changing the
variable of integration.

Standard Trigonometric Integrals

o NCERT Reference: p. 237-238
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¢« Formulas/Rules:
o [tan(x)dx = log|sec(x)| + C
o Jcot(x)dx = log|sin(x)] + C
o [sec(x)dx =log|sec(x) + tan(x)| + C
o [Jcosec(x)dx = log|cosec(x)—cot(x)| + C

¢ Used In: These are fundamental results, often derived using the substitution method,
that serve as standard formulas for solving more complex problems involving
trigonometric functions.

Integrals of Some Particular Functions
o NCERT Reference: Section 7.4, p. 243-244

o Formulas/Rules:

—

. [/ (x®-a%)]dx = (1/2a) log|(x-a)/(x+a)| + C
2. [[1/(a*-x%)]dx = (1/2a) log|(a+x)/(a=x)| + C
3. [[1/(x*+a%]dx =(1/a)tan”"(x/a) + C

4. [[1/J(x*-a%)]dx = log|x +/(x*-a’)| +C

5. [[1/+(a*-x})]dx =sin""(x/a) + C

6. [[1/V(x*+a%)]dx=log|x + /(x> +a%)|+C

o Used In: These are the six target forms for integrals with quadratic denominators. The
goal of techniques like 'completing the square' is to transform the original problem to
match one of these specific formulas.

SECTION 2: WHAT NCERT SAYS
2.1 Key Statements

This section summarizes the core principles and strategies for integration as presented in the
NCERT textbook. These paraphrased statements capture the fundamental logic behind the
methods.

1. The limits of "inspection" demand better tools. Finding integrals by simply searching
for an anti-derivative is not a robust method for many functions. This limitation
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necessitates the development of more systematic and powerful techniques to solve a
broader class of problems.

2. Substitution transforms problems from complex to simple. The method of
integration by substitution is a core strategy used to convert a given integral into a
standard, solvable form. This is achieved by changing the independent variable, and its
success often depends on correctly identifying a function and its derivative within the
integrand.

3. Trigonometric integrals often require simplification first. Integrals that involve
products or powers of trigonometric functions (such as sin®x or sin 2x cos 3x) are
frequently unsolvable in their given form. The standard approach is to first apply
trigonometric identities to rewrite the integrand into a sum of simpler terms that can
be integrated directly.

4. Quadratic denominators can be standardized. For integrals with a quadratic
expression in the denominator, the algebraic technique of "completing the square" is
used. This method converts the expression into the form of (x—k)2 + a°, which directly
corresponds to one of the six special integral formulas.

These principles form the strategic foundation, and the worked examples in the textbook
demonstrate their practical application.

2.2 Examples and Exercises

The NCERT textbook provides carefully selected examples to illustrate how to apply these
integration methods, along with exercises designed to build proficiency and confidence.

¢ Example 5 (p. 236):

o What it Shows: The fundamental application of the substitution method to
solve integrals like [2x sin(x* + 1)dx.

o Why it's Important: It clearly demonstrates the core process: identify a
function (x2 + 1) and its derivative (2x) within the integrand, perform the
substitution to simplify the integral to [sin(t)dt, solve, and revert to the original
variable.

e Example 6 (p. 238):

o What it Shows: More advanced applications of substitution and algebraic
manipulation, including solving [sin®x cos®x dx and [[sin x / sin(x+a)]dx.

o Why it's Important: This example teaches strategic thinking. It shows how to
combine trigonometric identities with substitution and how to handle
integrands where the substitution (t = x + a) requires rewriting the numerator in
terms of the new variable.
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e Example 9 (p. 246-247):

o What it Shows: How to solve integrals with a quadratic denominator, such as
[[dx / (x* - 6x + 13)], by completing the square.

o Why it's Important: It provides a step-by-step demonstration of the algebraic
process of transforming x° - 6x + 13 into (x - 3)* + 22, which then perfectly
matches the standard formula for [[1/ (X* + a*)]dx.

Practice Problems

To master these concepts, dedicated practice is essential. The following exercise sets from
the NCERT textbook provide a comprehensive range of problems.

o Exercise 7.1: Questions 1-22
o Exercise 7.2: Questions 1-39
o Exercise 7.3: Questions 1-24

These exercises build from basic application of formulas to more complex problems requiring
strategic selection of the appropriate integration method.

SECTION 3: PROBLEM-SOLVING AND MEMORY
3.1 Problem Types

Most integration problems encountered at this level fall into recognizable categories. The first
and most critical step in solving a problem is to correctly identify its type, as this determines
the appropriate method to apply.

e Problem Type: Integration by Substitution

o Structural Goal: To transform a complex integralinto a standard, known form
by changing the variable of integration.

o Recognition Cues: Look for a function and its derivative appearing as a
multiplicative pair within the integrand (e.g., f(g(x)) * g'(x)).

o What You're Really Doing: Simplifying the problem by temporarily swapping a
complex expression (like tan~"x) for a single, simpler variable (t). This makes the
integral's structure much clearer and easier to solve.

o NCERT References: Examples 5, 6 | Exercises: 7.2

¢ Problem Type: Integration using Transformations (Trigonometric or Algebraic)
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o Structural Goal: To rewrite the integrand itself into a different, but equivalent,
form that is directly integrable using standard formulas.

o Recognition Cues:

= Trigonometric: The integrand contains powers of sine/cosine (sin®x),
products of trigonometric functions (sin 4x sin 8x), or other complex
trigonometric forms.

» Algebraic: The integrand is a rational function with a quadratic
denominator (1 / (ax® + bx + c)).

o What You're Really Doing: Using pre-calculus tools (trigonometric identities or
algebraic methods like completing the square) to manipulate the problem
before applying any integration rules. You are essentially "fixing" the problem to
make it solvable.

o NCERT References: Examples 7, 9 | Exercises: 7.3
3.2 Step-by-Step Methods

Following a systematic, step-by-step process is crucial for accuracy and for avoiding
common errors, especially when using multi-step techniques like substitution.

o Type: Integration by Substitution: Solution Method

o Pre-Check: Examine the integrand. Look for a function g(x) whose derivative
g'(x) is also present as a factor.

o Core Steps:

1. Step 1 (Setup): Choose the substitution t = g(x). This is the part of the
integrand you want to simplify.

2. Step 2 (Differentiate): Differentiate the substitution with respect to x to
find dt/dx = g'(x). Rearrange this to solve for the differential part of the
integral: dt = g'(x)dx.

3. Step 3 (Transform): Replace all expressions involving x in the original
integral with their equivalents in terms of t and dt. The entire integral
must now be in terms of the new variable t.

4. Step 4 (Integrate): Solve the new, simpler integral with respectto t.

5. Step 5 (Revert): Substitute the original expression g(x) back in for t to
express the final answer in terms of x. Remember to add the constant of
integration, C.
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o When NOT to Use: This method is generally not the first choice if a more direct
method applies (e.g., if the integral is already in a standard form) or if a clear
function-derivative pair is not present.

3.3 How to Write Answers

Presenting your solution with correct notation is as important as finding the correct anti-
derivative. It ensures clarity and mathematical accuracy.

e General Rules for Final Answers

o Always include the constant of integration, "+ C", for all indefinite integrals.
This is non-negotiable, as the integral represents an entire family of functions,
notjust one.

o Ensure the final answer is in terms of the original variable. If you used a
substitution (e.g., with the variable t), you must substitute the original
expression (in x) back in at the end of the process.

o Use absolute value signs inside logarithms (e.g., log|x+a|). This is critical to
ensure the domain of the logarithmic function remains valid, as its argument
must be positive.

o Simplify the final expression where possible. Combine terms and constants
to present a clean, concise result.

3.4 Exam Strategy

An effective exam strategy goes beyond simply solving problems; it involves understanding
which concepts are foundational, recognizing common question patterns, and practicing in a
structured way.

Key Practice Areas
The NCERT textbook is the primary resource. Focus your practice on the following sections:
e Example Range: Examples 1-9 (Pages 231-247)
o Exercise Sets:
o Exercise 7.1 (Q1-22)
o Exercise 7.2 (Q1-39)
o Exercise 7.3 (Q1-24)
Common Question Patterns
Be prepared to encounter problems that fall into these categories:

e Problems requiring a direct and clear application of the substitution method.
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¢ Problems where trigonometric identities must be used to simplify the integrand before
integration can be performed.

¢ Problems involving rational functions with quadratic denominators that require the
method of completing the square to reduce them to one of the six special integral
forms.

Recommended Study Approach
Master the topics in a logical sequence to build a strong foundation.

e Approach: First, ensure you have mastered direct integration using all the standard
formulas (practice with Exercise 7.1). Next, focus exclusively on the substitution
method until identifying and applying substitutions becomes intuitive (Exercise 7.2).
Finally, move on to problems that require preliminary algebraic or trigonometric
manipulation before integration can even begin (Exercise 7.3 and the examples in
Section 7.4).

This progression mirrors the way the concepts build upon one another in the curriculum.
3.5 Topic Connections

Methods of Integration do not exist in isolation. They form a critical bridge in the calculus
curriculum, linking foundational concepts to the advanced applications you will study next.
Understanding this placement is key to appreciating their importance.

Prerequisites
A solid understanding of these topics is essential before tackling advanced integration:

« Differentiation: Integration is the inverse process of differentiation. This relationship
is used to verify answers and is the theoretical basis for the substitution rule (dt =
g'(x)dx).

¢ Trigonometric Identities: Crucial for rewriting complex trigonometric integrands into
simpler, integrable forms. Without these identities, many problems in Exercise 7.3 are
unsolvable.

¢ Algebraic Techniques: Skills such as completing the square and manipulating
polynomials are not optional; they are required procedures for transforming specific
types of integrands into standard forms.

Forward Links
Mastery of these integration methods is a prerequisite for success in subsequent topics:

« Definite Integrals: The techniques of substitution and transformation are
fundamental tools for evaluating definite integrals, which are used to calculate
quantities like the area under a curve.
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¢ Applications of Integrals: Solving real-world problems in physics (e.g., calculating
work done), engineering (e.g., finding the volume of solids of revolution), and other
sciences relies heavily on the ability to execute these integration techniques.

« Differential Equations: The process of finding the general solution to many types of
differential equations is, at its core, a process of integration. A strong command of
these methods is therefore indispensable.

3.6 Revision Summary

This section provides a consolidated list of the most critical points for quick review and
reinforcement.

o Key Points

1.

Integration is the inverse process of differentiation, formally known as finding
the "anti-derivative" of a function.

An indefinite integral [f(x)dx represents a "family of curves," so the constant of
integration + C is a mandatory part of the final answer.

When a function cannot be integrated by simple inspection, systematic
methods like Substitution or the use of Trigonometric Identities are required
to simplify the problem.

The method of substitution is used to transform an integral into a standard
form by changing the variable. It is most effective when the integrand contains a
function and its derivative.

Integrals involving powers or products of trigonometric functions often require
simplification using trigonometric identities before the integration step.

There are six key formulas for 'Integrals of Some Particular Functions' (e.g.,
1/(x*-a%), 14/ (a*-x’), etc.).

Problems with a general quadratic in the denominator (ax2+bx+c) can be solved
by first using the algebraic technique of completing the square to transform
the expression into a structure that matches one of the six standard formulas.
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