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Concept QuickStart - Some Properties of definite Integrals

Unit 7: Integrals

Subject: For CBSE Class 12 Mathematics

SECTION 1: UNDERSTANDING THE CONCEPT

A strong conceptual foundation is the first step to mastering integrals. This section is
designed to give you that solid base. We will break down what indefinite integrals are, why
they are a crucial part of calculus, and how they connect to concepts you have already
learned in your study of derivatives.

1.1 What Is This Concept?

An indefinite integral is the process of finding a function's "anti-derivative" or "primitive." In
simpler terms, if you have the derivative of a function, integration is the process you use to
find the original function. It is the inverse process of differentiation.

A common point of confusion is thinking that integration yields a single answer. This is not the
case. The result of integration is not one function, but an entire family of functions. For a
function f(x), its anti-derivative is written as F(x) + C. All of these functions—differing only by
the value of the arbitrary constant C—have the exact same derivative, f(x). This is a non-
negotiable concept in indefinite integration. Forgetting the + C is one of the most common
mistakes students make. From this moment on, make it a habit to add it to every indefinite
integral you solve.

1.2 Why It Matters

Integral calculus is a powerful tool for solving problems where a rate of change (a derivative)
is known, and the original function needs to be determined. For instance, if you know the
velocity of an object at any given moment, you can use integration to find its position.

Its applications are vast and extend into numerous practical fields, including:
e Science
e Engineering
e Economics
e Finance

e Probability
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Furthermore, the concept of the indefinite integral is fundamentally linked to the definite
integral through the Fundamental Theorem of Calculus, which makes it a practical tool for
calculating areas and solving a wide range of real-world problems.

1.3 Prior Learning Connection

The single most critical prerequisite for understanding integrals is a solid grasp of Differential
Calculus. Because integration is the inverse process of differentiation, your knowledge of
derivative formulas is the key to finding anti-derivatives, especially when using the method of

inspection.
You will need a firm handle on the following:

o Derivatives of Standard Functions: Your knowledge of derivatives becomes your
library for pattern recognition in integration. Seeing sec(x) in an integrand should
immediately trigger the thought, "What function has this as its derivative?" The answer,
tan(x), becomes the integral. This mental reverse-lookup is the core of integration by
inspection.

¢ Algebraic Manipulation: Many integration problems require you to first simplify the
function you are trying to integrate (the integrand). You will often need to expand,
factor, or rewrite expressions to get them into a form where standard integration
formulas can be applied.

1.4 Core Definitions and Properties
¢ Item: Constant of Integration (C)
o NCERT Reference: Section 7.2, Page 226

o Definition: An arbitrary real number, C, added to an anti-derivative F(x). It
represents the family of infinitely many functions {F(x) + C} that all have the
same derivative, f(x).

o Educator's Note: Think of C as a vertical shift. The functionsy = x%, y = x* + 3,
andy = x> -5 are all parallel parabolas. They have the same slope (derivative 2x)
at any given x, which is why they belong to the same 'family' of anti-derivatives.

o Used In: All indefinite integration problems.
¢ Item: Property I: Integration and Differentiation as Inverse Processes
o NCERT Reference: Section 7.2.1, Page 229
o Formula: d/dx [[f(x) dx] = f(x) and [f'(x) dx =f(x) + C
o Used In: Foundational understanding for all integration methods.

¢ Item: Property lll: Additivity of Integration
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o NCERT Reference: Section 7.2.1, Page 230
o Formula: [[f(x) + g(x)] dx = [f(x) dx + [g(x) dx

o Used In: Problems involving the integration of polynomials or sums of functions
(e.g., Examples 2 and 3).

¢ Item: Property IV: Constant Multiple Rule
o NCERT Reference: Section 7.2.1, Page 230
o Formula: [k f(x) dx = k [f(x) dx for any real number k.

o Used In: Problems where a function is multiplied by a constant (e.g., Example
2).

o Item: Property V: Generalization of Additivity and Constant Multiple Rules
o NCERT Reference: Section 7.2.1, Page 231

o Formula: [[k,f,(x) + Kyfo(x) + ... + Knfn(X)] dx = K, [f,(x) dx + K,Jf5(X) dx + ... + Kk [fa(X)
dx

o Used In: Essential for integrating any polynomial or linear combination of
functions, as seen in virtually all examples in Exercise 7.1.

¢ Item: Standard Integral Formulas
o NCERT Reference: Pages 228, 237-238
o Formulas:
= [xNdx=(x""")/(n+1) +C, n #-1
= [dx=x+C
*  [cos(x)dx=sin(x)+C
* [sin(x) dx=-cos(x) +C
»  [sec’(x)dx=tan(x) +C
= [cosec’(x) dx =-cot(x) + C
* [sec(x)tan(x) dx =sec(x)+C
= [cosec(x)cot(x) dx =-cosec(x) + C
= [(1/x)dx =log|x| +C
= [exdx=ex+C

= [axdx=(aX)/log(a)+C
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= [tan(x) dx = log|sec(x)| + C

= [cot(x) dx = log|sin(x)| + C

= [sec(x) dx =log|sec(x) + tan(x)| + C

= [cosec(x) dx =log|cosec(x) - cot(x)| + C

o Used In: Direct application in simple problems and as the final step in complex
problems after simplification or substitution.

Now that we have covered these core ideas, let's see how they are presented in the NCERT
textbook.

SECTION 2: WHAT NCERT SAYS

This section focuses on the specific presentation within the NCERT textbook, highlighting the
key principles and examples you must master for your curriculum. By understanding the
textbook's approach, you will be better prepared for board examinations.

2.1 Key Statements

The NCERT textbook outlines several key properties of indefinite integrals in Section 7.2.1.
These are the formal rules that justify the techniques you will use.

1. The derivative of an integral of a function is the function itself. This confirms that
differentiation and integration are inverse operations.

2. Iftwo indefinite integrals have the same derivative, they belong to the same family of
curves and are considered equivalent.

3. Theintegral of a sum of two functions lets you break a complex integral into smaller,
manageable pieces by integrating term-by-term.

4. The integral of a function multiplied by a constant is equal to the constant multiplied
by the integral of that function. This allows you to factor out constants.

5. The properties of additivity (sum) and constant multiples can be extended to any finite
number of functions.

2.2 Examples and Exercises

The following worked examples from your textbook illustrate fundamental techniques and
concepts.

o Example 2 (Page 232): This example demonstrates how to use the sum/difference
property (Property V) and the power rule for integration on polynomial and rational
functions. It is important because it shows how to break down complex expressions
into simpler, integrable parts.
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Example 4 (Page 233): This example illustrates how to find a unique anti-derivative (a
specific function F(x)) when an initial condition (like F(0) = 3) is given. This is crucial for
understanding how the constant of integration 'C' is determined in practical
applications.

Example 5 (Page 236): This example provides a clear introduction to the method of
"Integration by Substitution." It shows how to identify a function and its derivative
within the integrand to simplify the problem, a foundational skill for advanced
integration.

To practice these concepts, focus on the following exercises:

Exercise 7.1 (Page 234): Questions 1-22 cover finding anti-derivatives by inspection
and applying the basic properties and standard formulas of integration.

Exercise 7.2 (Page 240): Questions 1-39 focus on the method of integration by
substitution.

Exercise 7.3 (Page 243): Questions 1-24 require the use of trigonometric identities to
simplify integrands before integration.

Understanding the textbook's approach is vital, but mastering problem-solving requires a
strategic framework, which we will explore next.

SECTION 3: PROBLEM-SOLVING AND MEMORY

Moving from theory to practice is often the most challenging step in learning mathematics.
This section provides structured methods for recognizing different problem types, applying
step-by-step solution techniques, and learning how to present your work clearly to secure full

marks in your examinations.

3.1 Problem Types

Problem Type: Integration by Inspection

o Structural Goal: To find the integral by intuitively searching for a function
whose derivative is the given integrand.

o Recognition Cues:

= Surface Keywords: The integrand is a simple, standard function or a
slight variation (e.g., cos(2x) instead of cos(x)).

»= Structural: The function closely matches one of the known derivative
formulas from differential calculus.

o What You're Really Doing: Mentally working backwards from differentiation.

o NCERT References: Examples [1] | Exercises [7.1, Q1-5]
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o Confusable Types: Simple substitution problems. Sometimes a simple
substitution is more systematic than trying to guess the anti-derivative.

¢ Problem Type: Integration by Substitution

o Structural Goal: To transform a complex integral [f(x) dx into a simpler,
standard form by changing the variable of integration from x to t, using a
substitution x = g(t) or t = h(x).

o Recognition Cues:
= Surface Keywords: The integrand contains a composite function.

» Structural: The integrand contains a function and its derivative (or a
constant multiple of its derivative). For example, [f(g(x))g'(x) dx.

o What You're Really Doing: You're simplifying the integrand by using the chain
rule in reverse. You are identifying a complicated 'inner' function, temporarily
renaming it, and hoping the derivative of that inner function is also present to
'‘cancel out' the dx and simplify the problem.

o NCERT References: Examples [5, 6] | Exercises [7.2, Q1-39]

o Confusable Types: Problems requiring trigonometric identities first. You might
attempt a substitution that doesn't work until after an identity is applied.

3.2 Step-by-Step Methods
¢ Type: Integration by Substitution: Solution Method

o Pre-Check: Examine the integrand. Can you spot a function and its derivative
(or something close to it) appearing together?

o Core Steps:

= Step 1 (Identify & Substitute): Choose a part of the integrand to setas a
new variable, t. A good choice is often the 'inner' function of a composite
function, whose derivative is also present. (e.g., in 2x sin(x2 +1), lett= X2
+1).

= Step 2 (Differentiate & Replace): Differentiate the substitution (t=...)
with respect to x to find dt/dx. Rearrange to express dx in terms of dt
(e.g., dt =2x dx).

= Step 3 (Transform the Integral): Substitute both t and dt into the original
integral to create a new integral entirely in terms of t. The new integral
should be in a standard, easily integrable form.
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= Step 4 (Integrate): Solve the new, simpler integral with respectto t.
Remember to add the constant of integration, C.

= Step 5 (Back-Substitute): Replace t with its original expression in terms
of x to get the final answer.

o Variants:

» Usingtrigonometric identities to simplify the integrand before
substitution (Example 7).

= Making a substitution for a function whose derivative also appears in the
integrand (e.g., lett = cos(x) when sin(x) is also present, as in Example

6(i)).

o When NOT to Use: When the integral is already in a standard form that can be
solved directly or when no function-derivative pair can be identified.

3.3 How to Write Answers
Presenting your solution clearly is as important as finding the correct answer.

Answer Template: Standard Integral Solution

When to Use: For most indefinite integration problems in an exam setting.

Line-by-Line:
o L1 (Statement): Write the original integral | = [... dx.

o L2 (Simplification/Substitution): If using substitution, state the substitution:

"Lett=...". Show the differentiation and rearrangement: "Then dt =... dx".
Rewrite the integral | in terms of t.

o L3 (Integration): Perform the integration with respect to the new variable (t) or
the original variable (x) and show the result, including the constant + C.

o L4 (Final Answer): If substitution was used, back-substitute to express the final
answer in terms of the original variable x. Box the final answer.

o Essential Phrases: "Lett =...", "Differentiating, we get dt = ... dx", "Substituting, the
integral becomes..."

e General Rules:
1. Always add the constant of integration, + C, at the end of every indefinite integral.

2. When the final answer involves multiple constants from different integral parts,
combine them into a single constant C (as noted on page 232).
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3. If a substitution is made, ensure the final answer is expressed in terms of the original
variable.
4. Use absolute value bars inside logarithms, e.g., log|x|. (Why? Because the original

function 1/xis defined for all x # 0, but the logarithm function log(x) is only defined for x > 0.
The absolute value |x| ensures the domain of the anti-derivative matches the domain of the

original function.)

3.4 Topic Connections

Understanding how this topic fits into the broader landscape of mathematics will deepen

your comprehension.

e Prerequisites:

o

Differential Calculus: Integration is defined as the inverse process of
differentiation. You cannot find an anti-derivative without understanding
derivatives.

o Forward Links:

o

(¢]

Definite Integrals: The source states that the Fundamental Theorem of
Calculus connects indefinite and definite integrals, making it a practical tool.

Area Under Curves: The motivation forintegral calculus is finding the area
bounded by a function's graph.

Applications in Science and Economics: As mentioned on page 226, integrals
are used to solve problems in physics (e.g., finding position from velocity),
economics, finance, and probability.

3.5 Revision Summary

This is a high-level summary of the most critical points to remember for your exams.

o Key Points:

1.

Integration is the inverse process of differentiation, used to find the "anti-
derivative" of a function.

The integral of a function f(x) is a family of functions F(x) + C, where C is the
constant of integration.

The integral of a sum of functions is the sum of their individual integrals: [[f(x) +
g(x)] dx = [f(x) dx + [g(x) dx.

A constant factor can be pulled out of an integral: [k f(x) dx = k [f(x) dx.

Memorizing the standard integral formulas (for x", sin(x), cos(x), ex, 1/x, etc.) is
essential.
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6. The method of "Integration by Substitution" is used when the integrand
contains a function and its derivative.

7. The key to substitution is to change the variable (e.g., to t) to transform the
integral into a standard, solvable form.

8. Trigonometric identities are often required to simplify the integrand before
integration or substitution can be applied.
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