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CONCEPT QUICKSTART - Maxima and Minima

Unit: Unit 6: Application of Derivatives
Target Audience: CBSE Class 12 Mathematics Students
SECTION 1: UNDERSTANDING THE CONCEPT

Optimization is the science of the "best possible outcome." In the real world, we are
constantly making strategic decisions to maximize efficiency—whether it is an engineer
designing a bridge to carry the maximum load with minimum material or an economist finding
the price point that yields the highest profit. In the landscape of a mathematical function, the
derivative acts as your strategic "compass." It identifies the slopes and turns of a curve,
guiding you to the peaks (maxima) and valleys (minima) where these optimal values reside.
Mastering this topic allows you to move beyond simple calculation to actual problem-solving.

1.1 What Is Maxima and Minima? The "Big Idea" of this topic is to utilize the derivative to
locate and classify points where a function reaches its highest or lowest values relative to its
surroundings or across its entire domain. While the derivative reveals turning points
(stationary points where the tangent is horizontal), it is a critical misconception to believe that
f'(x) = 0 always guarantees a peak or valley. In many cases, a zero derivative indicates a "point
of inflection," where the function briefly flattens before continuing its original trend without
ever reaching an extreme value.

1.2 Why It Matters Identifying extreme values is the foundation of high-stakes decision-
making in industry. By calculating the maximum of a revenue function or the minimum of a
cost function, businesses ensure their economic survival. In physical sciences, finding
minima helps determine the lowest energy states of systems, which explains why bubbles are
spherical and why crystals form specific shapes. Learning this isn't just about passing an
exam; it's about learning the language of efficiency.

1.3 Prior Learning Connection To succeed here, you must be comfortable with the following
prerequisites from Chapter 5 (Continuity and Differentiability):

o Basic Differentiation Rules: Proficiency with the Power, Product, and Quotient rules
is non-negotiable, as an error in finding f'(x) makes the entire optimization process
impossible.

e Chain Rule: This is essential for related-rates and optimization where variables are
linked (e.g., radius changing with respect to volume).

e Algebraic Factorization: You will frequently need to set a derivative to zero and solve
for x; if you cannot factorize polynomials, you cannot find critical points.
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1.4 Core Definitions The following definitions and theorems from NCERT Section 6.4
establish the "Ground Truth" for your solutions:

¢ [Local Maximum] NCERT Reference: Section 6.4, Definition 4(a) Definition: A function
f has a local maximum at c if there exists an open interval | containing c such that f(c) =
f(x) for all x € I. Used In: Problem Type F1, F2

¢ [Local Minimum] NCERT Reference: Section 6.4, Definition 4(b) Definition: A function
f has a local minimum at c if there exists an open interval | containing ¢ such that f(c) <
f(x) for all x € I. Used In: Problem Type F1, F2

e [Theorem 2: Necessary Condition] NCERT Reference: Section 6.4, p. 162 Definition:
If f has a local maximum or minimum at ¢ and is differentiable at ¢, then f'(c) = 0. Used
In: All Extrema Problems

e [Critical Point] NCERT Reference: Section 6.4, Note (p. 164) Definition: A point c in the
domain of f where either f'(c) = 0 or f is not differentiable. Used In: All Extrema and Sign
Analysis Problems

o [Point of Inflection] NCERT Reference: Section 6.4, p. 163 Definition: A critical point c
where f'(c) = 0, but the derivative f'(x) does not change sign as x increases through c.
Used In: Classification Problems

o [Absolute Maximum/Minimum] NCERT Reference: Section 6.4.1 Definition: The
global highest or lowest value attained by a function over a specific closed interval [a,
b]. Used In: Problem Type F3

Now that you have the "What", let's master the NCERT "How"—this is where you secure your
marks.

SECTION 2: WHAT NCERT SAYS

The NCERT textbook is the ultimate "Ground Truth" for the CBSE examination. Examiners use
its specific theorems and working rules to build the marking schemes. Adhering to these
methods isn't just a suggestion; it is a strategic advantage. When you use the exact
terminology and steps found in the textbook, you make it easier for the examiner to award you
full marks.

2.1 Key Statements

1. Theorem 3 (First Derivative Test): Let ¢ be a critical point of a continuous function f. If
f'(x) changes sign from positive to negative as x increases through c, then cis a point of
local maximum. If f'(x) changes from negative to positive, itis a point of local
minimum.

2. Theorem 4 (Second Derivative Test): If f'(c) = 0 and f'(c) <0, then cis a local
maximum. If f'(c) =0 and f"(c) > 0, then c is a local minimum.
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3. Inconclusive Test Rule: If f'(c) = 0 and f"(c) = 0, the Second Derivative Test fails. You
must revert to the First Derivative Test to classify the point.

4. Theorem 5 (Extreme Value Theorem): Every continuous function on a closed interval
[a, b] must have both an absolute maximum and an absolute minimum value.

5. Working Rule for Absolute Extrema: To find absolute extrema on [a, b], you must
evaluate f(x) at all interior critical points and at the endpoints a and b. The greatest
value in this list is the absolute maximum.

2.2 Examples and Exercises

o Example 17 (Page 163): Analytical Evaluation: This example uses a cubic function to
demonstrate the First Derivative Test. It is a high-yield pattern because it teaches
students how to perform systematic sign analysis around critical points.

o Example 20 (Page 166): Analytical Evaluation: This showcases the efficiency of the
Second Derivative Test on a quartic function. It highlights when calculating f"(x) is
faster than checking signs.

o Example 27 (Page 173): Analytical Evaluation: A foundational demonstration of the
Working Rule for Absolute Extrema. It emphasizes the importance of comparing
interior critical values with endpoint values.

Exercise Ranges:

e Foundation (Difficulty: Easy): Ex 6.3 Q1-Q3. Focuses on identifying and classifying
local extrema.

¢ Global Analysis (Difficulty: Medium): Ex 6.3 Q5. Focuses on absolute maximum and
minimum values on closed intervals.

o Applied Mastery (Difficulty: High): Ex 6.3 Q7-Q11. These are optimization word
problems involving geometric shapes and dimensions.

With the theory in hand, we now transition to the tactical execution needed to handle any
variation the examiner throws at you.

SECTION 3: PROBLEM-SOLVING AND MEMORY

Exam success depends on your ability to recognize a "Problem Type" instantly and apply the
corresponding "Method Blueprint" with technical precision.

3.1 Problem Types
e Problem Type: Local Extrema via First Derivative Test (F1)

o Structural Goal: Identify local peaks and valleys by observing changes in the
function's direction.
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o Recognition Cues: Keywords like "local maxima/minima" and functions where
f''(x) might be difficult to compute (e.g., fractional exponents).

o Analytical Insight: You are tracking the "climb" and "fall" of the function. If it
stops climbing (+) and starts falling (-), you have reached a peak.

o NCERT References: Example 17, Example 19, Exercise 6.3 Q3.

o Confusable Types: Do not confuse this with Absolute Extrema, which ignores
the "sign change" and focuses only on comparing values.

e Problem Type: Local Extrema via Second Derivative Test (F2)
o Structural Goal: Classify critical points using concavity.

o Recognition Cues: "Find local extrema using the second derivative test" or
polynomial functions.

o Analytical Insight: Think of this as the "Concavity Shortcut." If the curve is
"cupped up" (f"' > 0), the critical point at the bottom of the cup must be a
minimum.

o NCERT References: Example 20, Exercise 6.3 Q3.
e Problem Type: Absolute Extrema on Closed Intervals (F3)

o Structural Goal: Find the global highest and lowest values within a strictly
bounded range.

o Recognition Cues: The presence of a closed interval, such as [0, 5] or [-1, 1].

o Analytical Insight: This is a "Comparison Contest." You collect values from all
critical points and both ends of the interval, then pick the winner.

o NCERT References: Example 27, Exercise 6.3 Q5.
e Problem Type: Applied Optimization (F4)

o Structural Goal: Optimize a real-world quantity (Area, Volume, Cost) given
specific constraints.

o Recognition Cues: "Find dimensions for maximum volume," "minimum surface

area," or "maximum profit."

o Analytical Insight: Your first job is to distinguish between the Constraint (the
rule you must follow, like "perimeter = 100") and the Objective Function (the
thing you want to maximize, like "Area").

o NCERT References: Examples 22-26, Exercise 6.3 Q7-Q11.

3.2 Step-by-Step Methods Type F1: First Derivative Test (Sign Diagram Method)
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e Pre-Check: Verify f(x) is continuous and differentiable in the neighborhood of the
critical point.

e Step 1 (Setup): Find f'(x) and factorize it completely.
o Step 2 (Critical Points): Solve f'(x) = 0 to find critical points (c,, c,, etc.).

e Step 3 (Sign Diagram): Draw a number line and mark your critical points. Choose a test
pointin each interval to find the sign of f'(x).

e Step 4 (Classify):
o Signchange (+) > (-) is a local Max.
o Signchange (-) > (+) is a local Min.
o No sign change is a Point of Inflection.

e Variant B: Implicit relationships. If y is defined implicitly, differentiate w.r.t. x and solve
for dy/dx.

o Variant C: Composite rates. Use the chain rule to relate different rates before finding
the extremum.

Type F3: Absolute Extrema Working Rule
e Pre-Check: Ensure the interval [a, b] is closed and the function is continuous.
o Step 1: Find all critical points c in the open interval (a, b) by solving f'(c) = 0.
e Step 2: Evaluate f(c) for every critical point found in Step 1.
o Step 3: Evaluate f(a) and f(b) (the endpoint values).

e Step 4: Compare all values. The largest is the absolute maximum value; the smallestis
the absolute minimum value.

e When NOT to Use: Do not use this if the interval is open (a, b), as the function may
never reach a global max/min at the boundaries.

3.3 How to Write Answers CBSE examiners award marks for logical flow. Follow this "Answer
Skeleton":

e L1: Define the function and its domain.
e L2: State: "Differentiating f(x) with respect to x, we get f'(x) =..."
e L3: State: "For critical points, set f'(x) =0."

e L4:Show the classification (e.g., "By Theorem 4, since f''(c) < 0, x =c is a point of local
maximum").
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e L5: Clearly state the final maximum/minimum value.
Essential Phrases:

o "Differentiating with respectto x..."

e "By Theorem 3 (First Derivative Test)..."

e "Substituting the value of x in the original function f(x)..."
General Rules for Presentation:

1. Always state the final value, not just the x-coordinate.

2. If using the Second Derivative Test, explicitly write the sign (e.g., "f"(2) = -4 <0").

3. Always check if your critical point actually falls within the specified domain/interval.
3.4 Common Mistakes

o Pitfall[1]: Assuming f'(c) =0 is enough. Occurs in Step 4 of F1. The "Wrong" symptom
is calling every critical point a max or min. v Fix: Perform sign analysis or use the
Second Derivative Test to confirm.

o Pitfall[2]: The Endpoint Blindspot. Occurs in F3. The "Wrong" symptom is finding
only interior critical points and ignoring f(a) and f(b). v Fix: Endpoints are just as likely
to be absolute extrema.

o Pitfall[3]: The f""(c) = 0 Trap. Occurs in F2. The symptom is stopping when the second
derivative is zero. v Fix: Revert to the First Derivative Test immediately.

Conditions to Check (B8):

e Condition [1]: Geometric Quantities Are Non-Negative. In optimization (F4), lengths,
radii, and areas cannot be negative.

e Condition [2]: Time Is Non-Negative. In motion-based optimization, t= 0.

o Condition [3]: Instantaneous Synchronization. In related rates, ensure all values and
rates are evaluated at the exact same instant.

3.5 Exam Strategy In your study plan, follow the "Foundation-to-Application" approach.
Master Pattern 5 (Local Extrema) and its classification techniques first. Only once you can
find and classify critical points with 100% accuracy should you move to Pattern 8 (Applied
Optimization). Optimization problems carry more marks but are impossible if you fail at basic
differentiation and critical point analysis.

3.6 Topic Connections

e Prerequisites: Mastery of Chapter 5 is mandatory. Optimization is simply "Chapter 5
with a goal."
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e Forward Links: These methods are used in Integral Calculus to find the area under
curves and in Physics to solve for equilibrium points.

3.7 Revision Summary
e []Find f'(x) and set to zero to find critical points.
e []Use aSign Diagram to check f' sign changes for the First Derivative Test.
e []Use the sign of f"(c) for the Second Derivative Test (Concavity Shortcut).
e []Onclosed intervals [a, b], always check the endpoints.
e []Inword problems, identify the Constraint first to simplify the objective function.
e []Iff"(c)=0,thetestisinconclusive; use the First Derivative Test.
o []Absolute extrema are the actual output values f(x), not the inputs x.

e Memory Aid: "Plus to Minus = Peak (Max); Minus to Plus = Pit (Min)." Imagine (+) as
climbing and (=) as falling. If you stop climbing and start falling, you've hit a peak!
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