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CONCEPT QUICKSTART - Rate of Change of Quantities

Unit: Unit 6: Application of Derivatives
Subject:For CBSE Class 12 Mathematics

SECTION 1: UNDERSTANDING THE CONCEPT

The study of Calculus in Chapter 5 focused heavily on the mechanics of differentiation—the
technical "how-to" of finding derivatives. Section 6.1 marks a strategic pivot from theoretical
calculation to practical application. Here, the derivative ceases to be a mere algebraic
exercise and becomes a powerful bridge between abstract mathematical functions and the
dynamic behavior of the real world. By treating the derivative as an instantaneous rate of
measure, we can translate static equations into a language that describes motion, growth,
and sensitivity in disciplines ranging from physics to economics.

1.1 What Is Rate of Change of Quantities?

The "Big Idea" behind this topic is the ability to translate real-world changes into
mathematical language to calculate how fast one quantity reacts to another. While average
change measures the difference between two points over an interval, the derivative provides
the instantaneous rate of change—the exact speed of change at a specific moment. A
common misunderstanding among students is that derivatives are exclusively for "speed" or
time-based calculations; in reality, derivatives measure how any quantity y varies with
respect to any other quantity x, such as the area of a circle changing as its radius expands.

1.2 Why It Matters

Mastering this concept is essential because it provides the precision required in engineering,
science, and social sciences to model reality accurately. Whether calculating the marginal
cost of production in business, the expansion rate of a sphere in engineering, or the velocity of
a particle in physics, the derivative allows us to move beyond estimations toward exact,
actionable values. This precision is the foundation for optimizing systems and predicting
future behavior in complex environments.

1.3 Prior Learning Connection

To succeed in this unit, you must have a firm grasp of the following prerequisites from Chapter
5:

o Basic Differentiation Rules: Power rule, product rule, and quotient rule.

o The "So What?" Factor: Without these, the initial setup of an equation cannot
be processed into a rate, stalling the problem at the very start.
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e The Chain Rule: Differentiating composite functions.

o The "So What?" Factor: Most real-world problems involve "related rates" where
two variables depend on a third (usually time). If the Chain Rule is not
mastered, you will fail to connect these rates, leading to incomplete or
mathematically impossible solutions.

1.4 Core Definitions
The following definitions form the architectural framework for this section:
¢ [Instantaneous Rate of Change]
o NCERT Reference: Section 6.2, Page 148
o Definition: dy/dx (or f'(x)) represents the rate of change of y with respect to x.
o Used In: Direct Rate (Family F1) and Related Rates (Family F2).
+ [Rate of Change at a Specific Point]
o NCERT Reference: Section 6.2, Page 148

o Definition: dy/dx |_x=x, (or f'(X,)) represents the rate of change of y with respect
to x at x = X,.

o Used In: All Problem Types requiring a numerical answer at a specific instant.
o [Related Rates / Chain Rule]
o NCERT Reference: Section 6.2, Page 148

o Definition: dy/dx = (dy/dt) / (dx/dt), provided dx/dt # 0. Alternatively: dy/dt =
(dy/dx) - (dx/dt).

o Used In: Related Rates (Family F2).
e [Marginal Cost]
o NCERT Reference: Example 5, Page 150

o Definition: MC = dC/dx (instantaneous rate of change of total cost w.r.t. output
X).

o Used In: Marginal Analysis (Family F3).
o [Marginal Revenue]
o NCERT Reference: Example 6, Page 150
o Definition: MR = dR/dx (rate of change of total revenue w.r.t. units sold x).

o Used In: Marginal Analysis (Family F3).
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Connective Tissue: While these definitions provide the mathematical "what,” the NCERT
syllabus provides the specific "how" through curated examples that move from basic
geometry to complex real-world modeling.

SECTION 2: WHAT NCERT SAYS

Section 6.2 of the NCERT textbook follows a deliberate pedagogical progression. It begins
with simple geometric rates—where the relationship between variables is a well-known
formula—and moves toward "related rates," where multiple quantities are changing
simultaneously over time. Finally, it introduces economic marginals, demonstrating that the
logic of the derivative applies just as effectively to currency and production as it does to
physics and geometry.

2.1 Key Statements
Based on Section 6.2, keep these core properties in mind:

o The derivative dy/dx serves as the mathematical representative for the phrase "rate of
change."

o Direction of Change: If y increases as x increases, dy/dx > 0. If y decreases as x
increases, dy/dx < 0.

e The Chain Rule Bridge: When two variables (x and y) both depend on a third variable
(t), the Chain Rule is the essential tool to link their respective rates of change.

e Economic Marginals: In a business context, "marginal" is simply the instantaneous
rate of change (the first derivative) of a cost or revenue function.

2.2 Examples and Exercises
Key Worked Examples:

1. Example 1 (Page 149): Finds the rate of change of the area of a circle with respect to
its radius (A = 1tr).

o BoardImportance: Establishes the standard method for direct geometric
differentiation.

2. Example 2 (Page 149): A cube's volume is increasing; find the rate of surface area
increase.

o BoardImportance: A classic "Related Rates" problem that requires finding one
rate (dx/dt) to solve for another (dS/dt).

3. Example 4 (Page 150): A rectangle's length decreases while its width increases.
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o BoardImportance: Teaches the critical discipline of using negative signs for
decreasing rates.

Exercise 6.1 Overview:
e Simple Questions: Q1, Q3, Q4, Q9, Q17 (Involve direct geometric formulas).

e Complex Questions: Q2, Q5, Q7, Q8, Q10, Q11, Q14 (Require Chain Rule, implicit
relationships, or sand-cone/ladder modeling).

Connective Tissue: Recognizing these NCERT examples is the first step toward mastering the
specific "Problem Types" encountered in exams, where pattern recognition is the key to speed
and accuracy.

SECTION 3: PROBLEM-SOLVING AND MEMORY

Don't worry, even though these problems can look complicated, they follow very standard
patterns. Tactical success in the CBSE exam depends on pattern recognition rather than
brute-force calculation. By categorizing every question into a specific "Family," you can
immediately deploy a proven method blueprint and avoid the common logical traps that lead
to lost marks.

3.1 Problem Types
Problem Type: Family F1 - Direct Rate of Change

e Structural Goal: Evaluate the derivative of one quantity directly with respect to
another at a given point.

e Recognition Cues: "Rate of change of area w.r.t. radius,"” "How fast is [quantity]
changing when [variable] = [value]?"

e What You’re Really Doing: Finding the instantaneous sensitivity of a formula (like Area
or Volume) to its primary variable.

e NCERT References: Example 1; Exercise 6.1, Q1.

e Confusable Types: Often confused with F2, but F1 only involves two variables (e.g., A
and r), not a third variable like time (t).

Problem Type: Family F2 - Related Rates
e Structural Goal: Link the rates of two or more variables that both depend on time (t).

e Recognition Cues: "Increasing at a rate of 3 cm/s," "Ladder pulled away," "Waves
moving in circles," "Liquid pouring at a rate." Note the presence of time units like "per
second" or "per minute."
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e What You’re Really Doing: Using the Chain Rule to bridge two different rates via their
common relationship with time.

e NCERT References: Examples 2, 3, 4; Exercise 6.1, Q2, Q5, Q10.

o Confusable Types: Contrast with F1; F2 always requires the Chain Rule (dy/dt = dy/dx -
dx/dt).

Problem Type: Family F3 - Marginal Analysis
e Structural Goal: Calculate the instantaneous change in cost, revenue, or profit.

e Recognition Cues: Keywords like "marginal cost," "marginal revenue," or a provided
function C(x) or R(x).

e What You’re Really Doing: Differentiating a given polynomial function and
substituting the units produced.

e NCERT References: Examples 5, 6; Exercise 6.1, Q15, Q16.

o Confusable Types: Generally distinct due to the economic context.
3.2 Step-by-Step Methods
Type F1 (Direct Rate): Solution Method

o Pre-Check: Ensure a known formula (e.g., A = Ttr®) relates the variables and a specific
value (e.g., r =5) is provided.

e Core Steps:
o Step 1[Setup]: Write the primary formula.

o Step 2 [Differentiation]: Differentiate w.r.t. the independent variable (e.g.,
dA/dr).

o Step 3[Substitution]: Plug in the given value.
o Step 4[Conclude]: Write the answer with units (e.g., cmz/cm).

e  When NOT to Use: Do not use if the question asks for a rate "per second" (this
requires F2).

Type F2 (Related Rates): Solution Method

e Pre-Check: Identify at least two variables changing w.r.t. time and the formula
connecting them.

e Core Steps:

o Step 1[Setup]: Define variables (x, y, V, etc.) and state the connecting formula.
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o Step 2[Chain Rule]: Differentiate the entire equation w.r.t. time (t).

o Step 3[Substitution]: Substitute known rates (e.g., dx/dt) and instantaneous
values.

o Step 4[Solve]: Isolate the unknown rate.
e Variants:
o Implicit: x> + y* = L for ladder problems.

o Composite Rates: If given dV/dt and asked for dS/dt, you must find dx/dt as an
intermediate step.

e When NOT to Use: Do not use if only one variable is changing with respect to another
(use F1).

3.3 How to Write Answers
Master Template:
1. L1[Setup]: "Let V be the volume and x be the side of the cube. We know V = x>."

2. L2 [Differentiation]: "Differentiating both sides with respect to time t: dV/dt = 3x° -
dx/dt."

3. L3[Substitution]: "Given dV/dt =9 and x = 10, we have 9 = 3(10)? - dx/dt."

4. L4[Conclusion]: "Therefore, dx/dt =9/300 cm/s. The surface area increases at... [Final
Value] cm?/s."

Essential Phrases:
o "Differentiating with respect to time (t)..."
e "Usingthe Chain Rule..."
o "Atthe instant when [variable] = [value]..."

General Rules: Always include units. For decreasing quantities, the rate must be stated as
negative during the calculation.

3.4 Common Mistakes
o Pitfall 1: Forgetting the Chain Rule
o Category: Logic
o Wrong: Writing dV/dt = 3x° instead of 3x* - dx/dt.
o v Fix: Always multiply by (d[variable]/dt) when differentiating w.r.t. time.

o Pitfall 2: Sign Errors
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o Category: Algebra
o Wrong: Using a positive rate for a "decreasing" length.
o v Fix: If length is decreasing, dx/dt must be negative.
o Pitfall 3: Early Substitution
o Category: Procedural
o Wrong: Plugging in r = 5 before differentiating.
o v Fix: Always differentiate the general formula first, then substitute values.
Critical Conditions:

1. Synchronization: Ensure all rates used in Family F2 are synchronized to the exact
same "instant" described in the problem.

2. Non-Negative Quantities: Remember that in geometry, quantities like radius (r) or
side (x) must be r > 0. Check your final answers for physical validity.

3.5 Exam Strategy
The CBSE exam frequently utilizes predictable "Question Patterns."
« The Balloon/Sphere: Usually an F1 or F2 problem involving V = (4/3)mtr°.
« The Ladder: A classic F2 related-rate involving the Pythagorean theorem (x* + y* = L?).

e The Sand Cone: An advanced F2 problem where you must use the relationship
between height and radius (e.g., h =r/6) to reduce the humber of variables.

Mastery Path: Start with Foundational (F1) geometric rates > Move to Application (F3)
economics problems - Finish with Advanced (F2) related-rates word problems.

3.6 Topic Connections

e Prerequisites: Requires mastery of Chapter 5 differentiation and algebraic
factorization.

e Forward Links:

o Topic 6.3: "Rate of Change" (the sign of the derivative) evolves directly into
Determining Increasing/Decreasing Functions.

o Topic 6.4: Finding where the rate of change is zero leads to identifying Turning
Points in Maxima/Minima.

3.7 Revision Summary

1. dy/dxis the instantaneous rate of change.
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2. Use dy/dt = (dy/dx) - (dx/dt) for all time-based related rates.

3. Increasing = Positive derivative; Decreasing = Negative derivative.

4. Marginal Cost/Revenue is simply the first derivative of the given function.

5. Always differentiate the general formula first, then substitute specific values.
6. Always include units in the final answer (e.g., cm/s, cm?/s, Z/unit).

7. Pattern Checklist: If the question mentions "time," "seconds," or "speed," use the

Chain Rule. If it mentions "marginal," differentiate w.r.t. ximmediately.
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