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CONCEPT QUICKSTART - Logarithmic Differentiation

Unit: Unit 5: Continuity and Differentiability

Subject: For CBSE Class 12 Mathematics

SECTION 1: UNDERSTANDING THE CONCEPT

Logarithmic Differentiation is a high-leverage technique in the CBSE Class 12 curriculum that
extends the power of the Chain Rule to otherwise intractable functional forms. Its strategic
importance lies in its ability to decompose complex products, quotients, and functions of the
form f(x)9® into manageable linear sums through the properties of logarithms. By converting
exponential relationships into multiplicative ones, this method ensures precision and
reduces the likelihood of mechanical errors in multi-step differentiation.

1.1 What Is Logarithmic Differentiation?

The "Big Idea" is the use of the natural logarithm to simplify a function's structure before
applying the derivative operator, essentially transforming the operation of differentiation into
a two-stage process of "expand then differentiate."” Acommon student misunderstanding is
the belief that this technique is reserved exclusively for logarithmic functions; in reality, itis a
universal tool used to solve functions where the variable appears in both the base and the
exponent, or where multiple products/quotients coexist.

1.2 Why It Matters

In higher mathematics and physics, "log-linearization" is indispensable for simplifying the
calculus of growth models and complex rates of change. By applying logarithms, we reduce
the complexity of the Product and Quotient Rules, which can become prohibitively
cumbersome in professional engineering and statistical applications. Mastering this
technique allows students to handle "variable-to-the-power-variable" forms that are
impossible to differentiate using standard power rules or exponential rules alone.

1.3 Prior Learning Connection

Success in this topic requires absolute fluency in the following: ® Properties of Logarithms:
Specifically log.(mn), loge.(m/n), and log.(m"), as these are the primary tools for expanding the
function before differentiation. ® Chain Rule (Theorem 4): Since the left-hand side involves
logy, differentiating it always yields (1/y) - (dy/dx), a direct application of the Chain Rule. ®
Implicit Differentiation: Necessary because once logs are taken, y is no longer isolated on
one side, requiring term-by-term differentiation.

1.4 Core Definitions
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¢ [The Derivative of log. x] * NCERT Reference: Section 5.4 ¢ Definition: d/dx (loge x) = 1/X, V x
>0 ¢ Used In: All Logarithmic Differentiation problems.

e [The Derivative of ex] e NCERT Reference: Section 5.4 ¢ Definition: d/dx (eX) = ex ¢ Used In:
Exponential growth problems and verifying log results.

¢ [The Logarithmic Power Rule] * NCERT Reference: Section 5.5 ¢ Definition: loge(uv) =v -
log. u ® Used In: Problem Type [Variable Base and Exponent].

These conceptual foundations align with the official NCERT pedagogical framework, which
transitions from standard differentiation to these more sophisticated "powerful techniques."

SECTION 2: WHAT NCERT SAYS

The NCERT framework is considered the "gold standard" for CBSE preparation because it
meticulously builds from the definition of exponential functions to the practical application of
logarithms in calculus. This sequence ensures that students do not merely memorize
formulas but understand the domain constraints and functional properties that make
differentiation valid.

2.1 Key Statements

1. The natural logarithm function is defined only for positive real numbers (x > 0); hence,
when taking logs, we often use |f(x)| to ensure the domain is valid.

2. The derivative of exwith respect to x is eX, making it a unique function that is its own
derivative.

3. Ify=£(x) = [u(x)]**, the standard power rule (nx"~") cannot be applied because the
exponentis a function, not a constant.

4. Logarithmic differentiation is particularly useful when a function is a product of several
functions or the quotient of complex expressions.

5. Inthe process of logarithmic differentiation, the final expression for dy/dx must always
be multiplied by the original function y to return the answer in terms of x.

2.2 Examples and Exercises

¢ Example 30 (Page 174): Differentiates VI(x-3)(x*+4)/(3x*+4x+5)]; demonstrates how logs
turn a nightmare quotient/root into a simple sum of logs. ®* Example 32 (Page 175):
Differentiates y = xsin x; strategically important as it introduces the "variable base and variable
exponent" prototype. * Example 33 (Page 176): Handles yx + xy + xX = ab; vital for showing how
to treat individual terms as u, v, and w before summing their derivatives.

Exercise Ranges: ¢ Exercise 5.5 (Questions 1-11): Direct application of Logarithmic
Differentiation (Standard to High Priority). « Exercise 5.5 (Questions 12-15): Finding dy/dx for
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implicit logarithmic relations (Advanced Difficulty). ® Exercise 5.5 (Questions 16-18):
Functional proofs and general rules (Conceptual Difficulty).

The shift from textbook theory to the exam hall requires a categorization of these problems
into recognizable families.

SECTION 3: PROBLEM-SOLVING AND MEMORY

High-speed exam performance depends on "family-based" classification, allowing you to
trigger the correct algorithm within seconds of reading the question.

3.1 Problem Types (Families)

Problem Type [Variable Base and Variable Exponent] ¢ Structural Goal: Differentiatingy =
[f(x)]9®. « Recognition Cues: The presence of a variable in both the base and the power (e.g.,
XX, (sin x)cos x), e What You're Really Doing: Using the log to "pull down" the exponent so you
can use the Product Rule. * NCERT Reference: Section 5.5. ®« Confusable Types: Constant
base (aX) or constant exponent (x"); do not use logs for these unless the expression is part of a
larger product.

Problem Type [Complex Multiplicative Chains] ¢ Structural Goal: Simplifyingy = (f, - f, - f;) /
(g, - 8,)- * Recognition Cues: Multiple products, quotients, or square roots of polynomial/trig
fractions. * What You're Really Doing: Applying log(mn) = log m + log n and log(m/n) =log m -
log n to create a string of simple 1/u derivatives. ¢ NCERT Reference: Section 5.5, Example
30. « Confusable Types: Simple quotients; if it’s just u/v, the Quotient Rule is faster.

3.2 Step-by-Step Methods

Method for Variable Exponents (y = uVv) ¢ Pre-Check: Ensure the function is in the form
f(x)9™ and that f(x) > 0. * Step 1 (Setup): Take natural log on both sides: logy = log(uV). * Step
2 (Apply): Use power property: logy =v - log u. * Step 3 (Differentiate): Differentiate w.r.t. x:
(1/y) - (dy/dx) =v - (1/u) - (du/dx) + (log u) - (dv/dx). e Step 4 (Finalize): Solve for dy/dx by
multiplying the entire RHS by y. e When NOT to Use: Do not take logs across a plus/minus
sign (e.g., y = xX+ sin x). You must differentiate terms separatelyasy=u +v.

3.3 How to Write Answers

Answer Template for CBSE Board Exams: ® L1: "Lety = [Given Function]" ¢ L2: "Taking
natural logarithm on both sides, we get:" ¢ L3: "log y = [Expanded Log Expression using
properties]" ¢ L4: "Differentiating both sides with respect to x, we have:" ¢ L5: "(1/y) - (dy/dx) =
[Derivative of RHS]" ¢ L6: "dy/dx =y - [Derivative of RHS]" ¢ L7: "Substituting the value of y:
dy/dx = [Original Function] - [Derivative of RHS]"

Essential Phrases: ¢ "Taking log on both sides...
"Differentiating implicitly w.r.t. x..." ¢ "Multiplying by y to find dy/dx..."

¢ "Using the property log(m")=nlog m..." ®

3.4 Common Mistakes
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e Pitfall [1]: The Summation Error | Category: Algebra | Occurs In: y = x2 + ax| Wrong: logy =
log(xa) + log(aX) | v Fix: Log of a sum is NOT the sum of logs. Use y = u + v and differentiate
separately. ¢ Pitfall [2]: The Missing'y' | Category: Procedural | Occurs In: Final Step | Wrong:
dy/dx = [RHS Derivative only] | v Fix: Always multiply the final result by the original function y.

e Pitfall [3]: Domain Neglect | Category: Conceptual | Occurs In: log x | Wrong: Differentiating
for negative x | v Fix: Note that x must be > 0 for the log to exist.

Critical Condition: When handling y = uY, u must be positive. For problems where u can be
negative, we technically differentiate log |y|, but the mechanical steps remain the same for
the CBSE marking scheme.

3.5 Exam Strategy
1. Master Foundations: Memorize the three primary log laws and the derivative of log x.

2. Intermediate Application: Practice Example 30-style problems to gain speed in "log-
linearization."

3. Advanced Mastery: Focus on Exercise 5.5, Q12-15. These "Implicit Log" questions are
frequent 4-mark or 6-mark favorites in Section C/D of the Board Paper.

3.6 Topic Connections

e Forward Link (Integral Calculus): Logarithmic differentiation logic helps in "Integration by
Parts" and integrating functions like tan x (which results in log |sec x|). ®* Forward Link
(Differential Equations): The "Variable Separable" method often results in logy =f(x) + C,
where you must reverse the process to find y.

3.7 Revision Summary
1. loge(mn) =log. m + loge n
2. loge(m/n) =1log. m-loge. n
3. loge(m")=n-log.m
4. d/dx (loge x) =1/x
5. d/dx(ax) =a*- log. a
6. Iny=uv, always take logs first.
7. Ify=u=y, take logs for u and v separately.
8. Never forget to substitute the original expression of y back into the final derivative.

By mastering these log-based transformations, you move from the rigid application of the
Product Rule to a flexible, high-tier approach that simplifies the most complex functions in
the Class 12 syllabus.
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