K scoreLab

CONCEPT QUICKSTART - Exponential and Logarithmic Functions

Unit: Unit 5: Continuity and Differentiability

Subject: For CBSE Class 12 Mathematics

SECTION 1: UNDERSTANDING THE CONCEPT

The transition from the algebraic and trigonometric functions of Class Xl to the
transcendental functions of Class Xll represents a pivotal shift in a student's mathematical
maturity. As established in the NCERT Introduction (Section 5.1), while we have previously
mastered polynomial and trigonometric derivatives, the introduction of exponential and
logarithmic functions provides the "powerful techniques of differentiation" required for
advanced calculus. In the CBSE landscape, these functions are not merely new formulas;
they are the strategic tools used to model phenomena where the rate of change is
proportional to the value itself—a concept that underpins the entirety of differential
equations and higher-order modeling.

1.1 What Are Exponential and Logarithmic Functions?

The Big Idea: These are transcendental functions that serve as mathematical inverses; the
exponential function represents rapid growth across the real line (R), while the logarithmic
function acts as its reflector, transforming multiplicative complexity into additive simplicity.

From a pedagogical standpoint, the most common hurdle is the "Base-Variable Confusion."
Students often attempt to apply the Power Rule to exponential functions. You must
distinguish between the Power Function (x@), where the base is the variable, and the
Exponential Function (aX), where the exponent is the variable. While d/dx(x") = nx"~", the
derivative of an exponential function requires a completely different logical framework
because the rate of growth is fundamentally different.

1.2 Why It Matters The strategic importance of these functions lies in their ability to simplify
the "heavy lifting" of calculus. Through logarithmic differentiation, we can bypass the
cumbersome Quotient and Product Rules when dealing with complex rational functions or
functions where a variable is raised to another variable (e.g., xX). As noted in the NCERT
curriculum, these functions provide the "powerful techniques" (Source 5.1) that allow
mathematicians to linearize complexity, making them the "bridge" to solving natural growth
and decay problems in physics and economics.

1.3 Prior Learning Connection Mastery of this topic is impossible without a firm grasp of the
following prerequisites:
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e Algebra of Limits: Continuity is defined by the requirement that the limit of f(x) as x
approaches ¢ must equal f(c) (Definition 1). Without this, differentiability cannot exist.

o Laws of Indices: You must be able to manipulate exponents (e.g., am. ah =am*n)
fluently, as these rules are the precursors to logarithmic properties.

e The Chain Rule (Theorem 4): Since most exam problems involve composite
transcendental functions (like es'" X), the ability to differentiate from the "outside-in" is
your primary survival skill.

1.4 Core Definitions
o Derivative of a Function (General)
o NCERT Reference: Section 5.3, Page 118
o Definition: f'(c) = limy>, [f(c + h) - f(c)] / h
o Used In: Proving standard derivatives of ex and log x.
o Differentiability and Continuity (Theorem 3)
o NCERT Reference: Section 5.3, Page 120

o Definition: If a function fis differentiable at a point c, then it is also continuous
at that point.

o Used In: Identifying points where a derivative may not exist (e.g., "sharp
corners").

e The Chain Rule (Theorem 4)
o NCERT Reference: Section 5.3.1, Page 121
o Definition: If f =v o u, then df/dx = (dv/dt) . (dt/dx) where t = u(x).
o Used In: Differentiation of composite exponential/logarithmic functions.

The NCERT curriculum presents these foundational theorems as the necessary scaffolding
before introducing the specific properties of the natural base 'e'.

SECTION 2: WHAT NCERT SAYS

The NCERT framework prioritizes the natural base 'e' and the properties of logarithms as the
essential toolkit for Exercise 5.4. By focusing on base 'e', the curriculum provides the most
"elegant" derivative in calculus, where the function becomes its own rate of change,
simplifying subsequent integration and differential equations.

2.1 Key Statements
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1. Inverse Relationship: The logarithmic function is the inverse of the exponential
function; loge x =y is synonymous with ey = x.

2. Domain Restriction: The natural logarithm log, x is defined only for x> 0. This is a
critical constraint for all differentiability problems.

3. Change of Base Rule: To differentiate a log with base 'a’, it must first be converted:
log, x = (loge X) / (log, a).

4. Product Rule of Logs: log(uv) = log u + log v. This transforms multiplication into a
manageable sum for differentiation.

5. Quotient Rule of Logs: log(u/v) =log u - log v.

6. Power Rule of Logs: log(u™) = n log u. This is the "secret weapon" that allows us to
move variables from the exponent to the baseline.

2.2 Examples and Exercises
e Example 21 (Page 121): Find the derivative of sin(xz).

o Concept: Demonstrates the application of the Chain Rule to composite
functions.

o Why Study: This is the exact logical template used for differentiating ef™. You
must master the "inner function” (xX°) logic before moving to transcendental
exponents.

o Example 23 (Page 123): Find dy/dx if y + siny = cos x.
o Concept: Implicit Differentiation.

o Why Study: Logarithmic differentiation often results in an implicit form (1/y .
dy/dx). This example teaches you how to isolate dy/dx correctly.

Exercise Mapping:

e Foundational (Exercise 5.2 & 5.3): Focus on the Chain Rule and Implicit
Differentiation. These are the mandatory building blocks for Section 5.4.

o Analytical (Exercise 5.4): Direct application of exand log x derivatives using the rules
established in the preceding sections.

While NCERT provides the mathematical definitions, the following section outlines the
strategic "how-to" for maximizing marks in the board examination.

SECTION 3: PROBLEM-SOLVING AND MEMORY
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The secret to mastering Class 12 Calculus is "Family-based" learning. Examiners do not
create unique questions; they create variations of structural patterns. If you recognize the
"family" an equation belongs to, the solution path becomes automatic.

3.1 Problem Types
e Type: Composite Transcendental Functions
o Structural Goal: Finding dy/dx fory = ef® or y = log(f(x)).

o Recognition Cues: The variable x is trapped inside an exponent or a log
argument (e.g., ecos x),

o What You're Really Doing: Applying the Chain Rule (Theorem 4). You
differentiate the "outer" function (the e or log) and multiply by the derivative of
the "inner" function.

o NCERT References: Follows the logic of Example 21.

o Confusable Types: Distinction between eXand x¢. In eX, we use exponential
rules; in x&, we use the Power Rule (exe™).

o Type: Logarithmic Differentiation
o Structural Goal: Differentiating y = [f(x)]9%.

o Recognition Cues: Avariable function in the base AND a variable function in the
exponent (e.g., xsN x),

o What You're Really Doing: Using the Power Rule of Logs to bring the exponent
down, then using Implicit Differentiation.

o Confusable Types: Do not use logs for simple products where the standard
Product Rule is faster.

3.2 Step-by-Step Methods
o Type: Logarithmic Differentiation Solution

o Pre-Check: Ensure the function is defined for x > 0, as logarithms of negative
numbers are not defined in the real domain.

o Step 1: Setup. Lety = [f(x)]9%.
o Step 2: Apply. Take the natural log (log.) on both sides: logy = g(x) . Log(f(x)).

o Step 3: Differentiate. Differentiate both sides w.r.t. x. Note that the left side
becomes (1/y) . (dy/dx).

o Step 4: Substitute. Isolate dy/dx by multiplying the entire right side by y, and
finally substitute the original f(x) back fory.
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o Variants: Sums of functions (y = u + v). Caution: You cannot take the log of a
sum directly. You must differentiate u and v separately and then add them.

o When NOT to Use: Avoid this for simple constants or single trigonometric
terms.

3.3 How to Write Answers To secure full marks, examiners look for the "Log-Differential
Frame":

e Line 1 (The Declaration): "Lety = [function]."

e Line 2 (The Strategy): "Taking natural logarithms on both sides, we get..." (This shows
the examiner you understand the shortcut).

o Line 3 (The Operation): "Differentiating both sides with respect to x using the Chain
Rule..."

o Essential Phrases: Always use "Taking log on both sides" and "Using implicit
differentiation."

¢ Formatting Rules:
1. Align "=" signs vertically for clarity.
2. Explicitly substitute the final 'y’ value in the last step.
3. State the domain (e.g., "forx € R, x> 0").

3.4 Common Mistakes | Pitfall | Category | Wrong | v Fix | | :--- | :--- | :--- | :--- | | Log of Sum |
Algebra | log(u +v) =log u + log v | log(u + v) cannot be expanded. Differentiate u and v
separately. | | Power Rule Misuse | Logic | d/dx(2X) = x . 2x" | d/dx(aX) = axloge a | | Chain Rule
Neglect | Logic | d/dx(e®*) = e* | d/dx(e*) = 2e*¥ |

Vital Theorem Callout: Remember Theorem 3: Differentiability implies continuity, but
continuity does NOT guarantee differentiability. A classic example is f(x) = |x|, which is
continuous at x = 0 but lacks a derivative there because the left and right hand limits of the
derivative do not coincide (Page 120).

3.5 Exam Strategy Focus your revision on the "Mastery Path":
1. Foundational: Master Exercise 5.2 (Chain Rule) and 5.3 (Implicit functions).
2. Advanced: Tackle the entirety of Exercise 5.4.

3. High Priority: Questions involving xX or combinations of log and trig functions are
examiner favorites.

3.6 Topic Connections
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e Prerequisites: Mastery of the Chain Rule (Theorem 4) is the non-negotiable entry
requirement for this chapter.

¢ Forward Links: This is the foundation for Differential Equations (where eXis used for
integrating factors) and Integration (where 1/x integrates to log|x|).

3.7 Revision Summary
e The function eXis the only function that is its own derivative.
e The derivative of log, xis 1/x (for x > 0).

e Memory Aid: "Product becomes Sum; Quotient becomes Difference; Power becomes
a Product." (The three Laws of Logs).

e Afunctionis only differentiable at c if the Left Hand Derivative equals the Right Hand
Derivative and both are finite (Page 119).

Mastering these transcendental functions is your passport to the most elegant parts of

calculus. They are the language of growth, and once you speak it, the rest of the curriculum
will open up to you.
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