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CONCEPT QUICKSTART - Adjoint and Inverse of a Matrix

Unit: Unit 4: Determinants

Subject: For CBSE Class 12 Mathematics

SECTION 1: UNDERSTANDING THE CONCEPT
1.1 What Is Adjoint and Inverse of a Matrix?

Welcome to one of the most powerful sections of Class 12 Mathematics! Think of this topic
as the vital "bridge" that connects static matrix properties to the dynamic world of solving
systems of equations. In earlier chapters, you learned how to organize numbers into
matrices; now, you are learning how to manipulate them to unlock unknown variables.

The Big Idea: The Adjoint is a reorganized matrix made of "helpers" (called cofactors), while
the Inverse is the matrix equivalent of division. Just as you multiply by 1/5 to "undo" a
multiplication by 5 in basic algebra, you use the Inverse matrix (A7) to "undo" a matrix
operation.

Common Misunderstanding: Students often assume every square matrix has an inverse.
This is a trap! Just as you cannot divide by zero in arithmetic, you cannot find the inverse of a
matrix if its "value" (the determinant) is zero.

Mastering these tools is indispensable because they provide the mathematical engine for
higher-level engineering, economics, and computer modeling.

1.2 Why It Matters

These concepts are the key differentiators in linear algebra. While a determinant gives you a
single numerical value, the Adjoint and Inverse allow you to work backward from a result to

find starting values. In the real world, engineers use these to calculate stress on structures,
and economists use them to model market equilibrium.

For your CBSE exam, these tools are essential for finding unique solutions to linear systems.
Specifically, they allow us to solve the matrix equation AX = B by isolating the variable matrix
X. By multiplying both sides by the inverse, we get X = A~'B. Without the inverse, we would
have no way to "divide" by matrix A to find our unknowns.

1.3 Prior Learning Connection

To succeed here, you must be comfortable with these "building blocks" from earlier in
Chapter 4:
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e Determinant Calculation (JA]): You must be able to find the value of a matrix. Why?
Because the determinant is the "gatekeeper"—if |A| = 0, the inverse process cannot
even begin.

e Minors and Cofactors: These are the internal "ingredients" of the Adjoint. You cannot
find an Adjoint without first mastering Cofactors because the Adjoint is simply the
transpose of the Cofactor matrix.

1.4 Core Definitions

Here are the formal rules of the game from NCERT Section 4.5. Pay close attention to the
theorems, as they are often the basis for 1-mark questions.

o Definition 3: Adjoint of a Matrix
o NCERT Reference: Section 4.5.1

o Definition: The adjoint of a square matrix A = [ajj] is the transpose of the matrix
[Aij], where Ajj is the cofactor of the element aijj.

o Used In: Finding the inverse and verifying matrix identities.
o Definition 4 & 5: Singular and Non-Singular Matrices
o NCERT Reference: Section 4.5.1
o Definition: A square matrix A is "Singular" if |[A| = 0. It is "Non-Singular" if |A| # 0.
o Used In: Determining if an inverse exists.
e Theorem 1: The Basic Identity
o NCERT Reference: Section 4.5.1
o Definition: A(adj A) = (adj A)A = |A]l, where | is the identity matrix.
o Used In: Verification problems and proofs.
e Theorem 2: Product Stability
o NCERT Reference: Section 4.5.1

o Definition: If A and B are non-singular matrices of the same order, then AB and
BA are also non-singular matrices of the same order.

o UsedIn: Logic-based multiple-choice questions.
e Theorem 3: Determinant of a Product
o NCERT Reference: Section 4.5.1

o Definition: |AB| = |A|[BJ.
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o Used In: Simplifying calculations of product determinants.
e Theorem 4: The Invertibility Condition
o NCERT Reference: Section 4.5.1

o Definition: A square matrix A is invertible if and only if Ais a non-singular matrix
(A" =1/|A| x adj A).

o Used In: Solving for A™" in almost all major exam questions.

These definitions form the logical skeleton of the NCERT syllabus. Mastering them ensures
you aren't just memorizing steps, but understanding the underlying rules.

SECTION 2: WHAT NCERT SAYS
2.1 Key Statements

NCERT structures the "rules of the game" to ensure you have a logical path to the answer.
Here are the essential conditions for matrices:

1. The Existence Rule: A matrix A is invertible & |A| # 0. This means: Ais non-singular =
A" exists.

2. The Adjoint Process: To find adj A, you must first find the matrix of cofactors and then
apply a transpose.

3. The Product Inverse Rule: For invertible matrices A and B, the order reverses during
inversion: (AB)'=B'A™".

4. The Determinant Property: |adj A| = |A|"™", where n is the order of the matrix.

5. Requirement of Squareness: These rules and properties apply strictly to square
matrices (e.g., 2 x 20r 3 x 3).

2.2 Examples and Exercises
To master this topic, prioritize these textbook landmarks:

e Example 12 (Page 88): Demonstrates the quick "swap and sign-change" shortcut for a
2 x 2 Adjoint.

o Example 13 (Page 90): The definitive 3 x 3 example. It walks through the full journey:
Determinant » 9 Cofactors > Adjoint = Inverse.

« Example 15 (Page 92): A high-value "Hence find" question. It shows how to find A~
using a matrix equation (A” - 4A + | = O) without using the Adjoint method.

Exercise 4.4 Guide:
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¢ Q1-Q2: Basic Adjoint practice (Level: Easy).
e Q5-Q11: Computing A~" (Level: Essential for Boards).

¢ Q13-Q16: Matrix equations and verification (Level: Advanced/High Weightage).

SECTION 3: PROBLEM-SOLVING AND MEMORY
3.1 Problem Types
CBSE questions usually belong to one of these three families:
e Problem Type: Finding Inverse of a 2 x 2 Matrix
o Structural Goal: Obtain A~" for a 2-row, 2-column matrix.

1II

o Recognition Cues: Surface: "Find A" | Structural: 2 x 2 matrix provided.

o What You’re Really Doing: Swapping the main diagonal elements and flipping
the signs of the off-diagonal elements.

o NCERT References: Example 12, Exercise 4.4 Q5.
e Problem Type: Inverse of a 3 x 3 Matrix
o Structural Goal: Calculate the full 3 x 3 inverse matrix.
o Recognition Cues: Surface: "Find the inverse" | Structural: 3 x 3 matrix provided.

o What You’re Really Doing: A systematic 9-step cofactor calculation followed by
a transpose.

o NCERT References: Example 13, Exercise 4.4 Q7-Q11.

o Confusable Types: Do not confuse this with "Elementary Row Operations" from
Chapter 3. Unless the question specifically says "Elementary Operations,"
always use this Adjoint method!

e Problem Type: Verification and "Hence Find"

o Structural Goal: Proving a matrix equation (like A*- 5A + 7| = O) and using it to
isolate A",

o Recognition Cues: Surface: "Show that..." followed by "Hence find A~"."

o What You’re Really Doing: Using matrix algebra to find the inverse instead of the
cofactor method.

3.2 Step-by-Step Methods: Inverse of a 3 x 3 Matrix

Use this blueprint to ensure you never miss a step:
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Step 1: Setup (The Determinant Check) Calculate |A| immediately.
o Why: To see if the inverse even exists.

« When NOT to Use: If |A| = 0, stop! Write: "Since |A| = 0, Ais a singular matrix and A~
does not exist."

Step 2: Apply (The Cofactor Hunt) Find all nine cofactors (A4, Ay, ... Ags).

o Teacher Tip: Be extremely careful with signs. Use the +/-/+ pattern as a mental overlay.
Step 3: Transform (The Adjoint Build) Place your cofactors into a matrix and transpose it.

e Mistake Alert: Row 1 of your cofactors must become Column 1 of your Adjoint.

Step 4: Conclude (The Final Formula) Apply A~" = 1/|A| x adj A. Leave the 1/|]A| outside the
matrix unless it divides every element perfectly.

3.3 How to Write Answers

To secure full marks, follow this CBSE-aligned answer frame. Note the "Marking Scheme
Alerts" for where your points are hidden:

e Line 1: State the given matrix A.
e Line 2: Show the expansion and calculation of |A|.
o Marking Alert: Correct |A| is usually worth 1 mark.
e Line 3: Essential Phrase: "Since |A| # 0, A is a hon-singular matrix and A" exists."
o Line 4: List all cofactors Ajj clearly.
o Marking Alert: This is the "heavy lifting" worth 2-3 marks.
e Line 5: Write "adj A = [Cofactor Matrix]™ and show the result.
 Line 6: State the formula A™" = 1/|A| adj A and substitute your values.
o Marking Alert: Final formula and substitution are worth the final 1 mark.
General Presentation Rules:
1. Always state the formula you are using.
2. Boxyour final A~ matrix so the examiner can find it easily.
3.4 Common Mistakes
Small errors in this topic often "cascade," ruining the entire 5-mark answer.
o Pitfall 1: The Transpose Trap (Logic)

o Wrong: Forgetting to flip the cofactor matrix.
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o V Fix: Write the "T" symbol for transpose explicitly in your steps.
o Pitfall 2: The Sign Slip (Algebra)
o Wrong: Forgetting to flip signs for elements where i+j is odd (A,,, Ayq, Az, Agy).
o V Fix: Draw a small + - + grid next to your rough work.
o Pitfall 3: The Critical Condition (Logic)
o Wrong: Wasting 10 minutes calculating cofactors for a matrix where |A| = 0.

o V Fix: The Gatekeeper Rule: Always calculate |A| first. Ifitis 0, the problem
ends there.

o Pitfall 4: The Adjoint Power Trap (Logic)
o Wrong: Thinking |adj A| = |A].

o Vv Fix: Remember the property |adj A| = |A|"™". For a 3 x 3 matrix, |adj A| = |A]°.
This is a favorite 1-mark exam question!

3.5 Exam Strategy

The CBSE Board loves "Verifying Properties." Acommon 5-mark pattern is asking you to prove
A(adj A) = |A|l.

o Time Management: If you see the word "Hence" in a matrix equation question, stop!
Do not use cofactors. Multiply the given equation by A" to find the inverse
algebraically. It is 3x faster and avoids sign errors.

o Double Check: Before submitting, multiply the first row of A by the first column of your
A~". If the result isn't 1 (or |A| if you haven't divided yet), you've made a calculation
error.

3.6 Topic Connections

o Prerequisites: Mastery of expansion of Determinants (NCERT Sec 4.2) and Cofactor
logic (NCERT Sec 4.4).

e Forward Links: This topic is the direct gateway to "Solution of Systems of Linear
Equations" (NCERT Sec 4.6). You cannot solve for x, y, and z without these tools.

3.7 Revision Summary
1. Only square matrices have an Adjoint or Inverse.
2. |A|=0= Singular (No Inverse).
3. |A| #0 = Non-Singular (Inverse Exists).

4. Adjoint = Transpose of the Cofactor matrix.
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5. Formula: A~ =1/|A| x adj A.
6. 2 x 2 Shortcut: Swap a,, and a,,, change signs of a,, and a,;,.
7. Property: |adj A| = |A|"".

8. Mnemonic (The Socks and Shoes Rule): (AB)™"' =B~'A~". You must take off your shoes
before your socks!

Memory Aid Checklist:

Checked |A]| first?

Flipped signs for odd-positioned cofactors?

Transposed the cofactor matrix for the Adjoint?

Included the 1/]A| multiplier in the final step?

You’ve got this! Just follow the steps, watch your signs, and remember: every complex matrix
problem is just a series of small, simple calculations. = M
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