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CONCEPT QUICKSTART - Properties of Inverse Trigonometric Functions

Unit: Unit 2: Inverse Trigonometric Functions

Subject: For CBSE Class 12 Mathematics

SECTION 1: UNDERSTANDING THE CONCEPT

Mastering the properties of inverse trigonometric functions is a strategic necessity for the
CBSE Class 12 curriculum, as these properties serve as the primary bridge between complex
trigonometric relations and manageable algebraic expressions. By internalizing these
identities, students can transform transcendental equations into polynomial or rational
forms, a process that is vital for success in Calculus, particularly in differentiation and
integration. A firm understanding of these properties ensures that students do not merely
memorize formulas but grasp the underlying logic required for advanced mathematical
modeling.

1.1 What Are the Properties of Inverse Trigonometric Functions?

The "Big Idea" behind these properties is the systematic reversal of trigonometric operations
to retrieve a unique angle from a given ratio within a strictly defined numerical framework.
These identities only exist because we mathematically restrict the domains of periodic
trigonometric functions to "Principal Value Branches," ensuring the functions are one-to-one
(bijective) and thus invertible. It is a critical academic distinction to recognize that sin~"x (or
arcsin x) represents the inverse function used to determine an angle, which is fundamentally
different from the reciprocal (sin x)~' = 1/sin x (or cosec x).

1.2 Why It Matters

The relevance of this topic extends far beyond simple algebraic manipulation; these
properties are indispensable for defining and evaluating various integrals in Calculus, which
form the core of the CBSE evaluation scheme. In practical application, inverse trigonometric
identities are the foundation of science and engineering fields, where they are used to
calculate structural stress angles, analyze wave interference in physics, and determine
optimal trajectories in aerospace engineering. Mastery here ensures a smooth transition into
the "Calculus of Inverse Functions" and complex problem-solving in higher education.

1.3 Prior Learning Connection

To achieve mastery in this unit, students must possess a high level of proficiency in the
following prerequisites:

o Trigonometric Ratios of Standard Angles: Evaluative accuracy depends on knowing
the exact ratios (0, 1/2, v/ 3/2, etc.) for standard angles like /6, /4, and /3.
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e One-to-One and Onto Function Concepts: Knowledge from Chapter 1 (Relations and
Functions) is vital to understand why trigonometric domains must be restricted to
ensure an inverse exists.

o Standard Trigonometric Identities: Familiarity with sum, difference, and multiple-
angle identities (from Class 11) provides the structural logic used to derive their
inverse counterparts.

1.4 Core Definitions
o Complementary Pair Identity (Sine/Cosine)
o NCERT Reference: Section 2.4, Page 46
« Definition/Formula: sin~"(x) + cos™"(x) = /2 for x € [1, 1]
e Used In: Family F1 (Complementary Pair Simplification)
¢ Complementary Pair Identity (Tangent/Cotangent)
o NCERT Reference: Section 2.4, Page 47
« Definition/Formula: tan™"(x) + cot™"(x) = /2 for x € R
e Used In: Family F1 (Complementary Pair Simplification)
e Complementary Pair Identity (Secant/Cosecant)
o NCERT Reference: Section 2.4, Page 47
o Definition/Formula: sec™(x) + cosec™ ' (x) = /2 for |x| = 1
e Used In: Family F1 (Complementary Pair Simplification)
e Tangent Sum Formula
o NCERT Reference: Section 2.4, Page 47
« Definition/Formula: tan™"(x) + tan™"(y) =tan™"((x +y) / (1 = xy)) if xy < 1
e Used In: Family F2 (Sum/Difference Identity Application)
e Tangent Difference Formula
e NCERT Reference: Section 2.4, Page 48
« Definition/Formula: tan™"(x) —tan™"(y) =tan™"((x =y) / (1 + xy)) if xy > -1
e Used In: Family F2 (Sum/Difference Identity Application)
e Double Angle Tangent Identity (to Tangent)

e NCERT Reference: Section 2.4, Page 48
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o Definition/Formula: 2tan™"(x) = tan™"(2x / (1 - x?)) for |x| < 1

e Used In: Family F4 (Double Angle Identities)

e Double Angle Tangent Identity (to Sine)

e NCERT Reference: Section 2.4, Page 48

« Definition/Formula: 2tan™"(x) = sin™"(2x/ (1 + x°)) for |x| < 1

e Used In: Family F4 (Double Angle Identities)

o Double Angle Tangent Identity (to Cosine)

e NCERT Reference: Section 2.4, Page 48

« Definition/Formula: 2tan~"(x) = cos™((1=x°) / (1 + x°)) forx= 0
e Used In: Family F4 (Double Angle Identities)

e Sine Sum Ildentity

o NCERT Reference: Section 2.4, Page 49

« Definition/Formula: sin™"(x) + sin~"(y) = sin™" (xy/(1 = y*) + y¥ (1 =x°)) for x* + y* < 1
e Used In: Family F2 (Sum/Difference Identity Application)

o Sine/Cosine Interconversion

o NCERT Reference: Section 2.2, Example 4, Page 38

« Definition/Formula: sin(cos™ (x)) = V(1 —x2) forx € [-1, 1]

e Used In: Family F3 (Interconversion Between Inverse Functions)
« Negation Property (Odd Group: sin™", tan™", cosec™)

e NCERT Reference: Section 2.4, Page 50

« Definition/Formula: sin™"(-x) = -sin™"(x); tan~"(-x) = —tan™"(x)

e Used In: Family F3 (Odd/Even Function Properties)

1

« Negation Property (Offset Group: cos™', cot™", sec™)

o NCERT Reference: Section 2.4, Page 50

« Definition/Formula: cos™"(-x) =t = cos™(x); cot™'(-x) = Tt — cot™(x)

e Used In: Family F3 (Odd/Even Function Properties)

These theoretical definitions form the foundational toolkit for the NCERT curriculum, enabling
students to solve the standardized problem families encountered in CBSE examinations.

© ScorelLab by Profsam.com
Designed to help CBSE Class 12 students improve conceptual clarity and score up to 30% more marks in
Physics, Chemistry, and Mathematics.



K scoreLab

SECTION 2: WHAT NCERT SAYS

The NCERT textbook is the definitive authority for CBSE examinations; its definitions and
constraints constitute the "ground truth" for scoring. The properties discussed in the following
sections are not merely suggestions but rigorous requirements that dictate the validity of
every proof and simplification.

2.1 Key Statements

1. Requirement of Bijectivity: An inverse trigonometric function exists only when the
domain of the corresponding trigonometric function is restricted to an interval where it
is both one-to-one and onto.

2. The Principal Value Branch: Any value of an inverse function that lies within its
designated restricted range (e.g., [-1t/2, /2] for sin”'X) is the "Principal Value."

3. Default Branch Assumption: If no specific branch is mentioned in an exam question,
the student must assume the question refers to the Principal Value Branch.

4. Composition Logic and Domain Sensitivity: The identity f(f~"(x)) = x is valid for all x in
the function's domain (e.g., sin(sin™'x) = x for x € [-1, 1]). However, f (f(x)) = x is strictly
valid ONLY if x lies within the Principal Value Branch (e.g., sin~'(sin x) = x for x € [-/2,
/2]).

5. Validity Bounds: Most identities, such as the tan™' sum formula, are conditional and
only hold when specific inequalities (like xy < 1) are satisfied.

2.2 Examples and Exercises
Example 9 (Page 46)
o Concept Demonstrated: Verification of complementary pair identities.

e Strategic Importance: This example establishes the ability to interconvert between
different inverse types (e.g., sine to cosine), which is a common first step in complex
proofs.

Example 10 (Page 47)
o Concept Demonstrated: Application of the sum formula for tan™"(x) and tan~"(y).

o Strategic Importance: It emphasizes the "Condition Discipline" of checking xy <1
before applying the formula, a frequent point of failure in exams.

Example 12 (Page 48)

« Concept Demonstrated: Conversion of scalar multiples (2tan~"'x) into single inverse
functions.
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o Strategic Importance: This example is a "must-know" for simplifying expressions with
coefficients before performing further algebraic operations.

Exercise 2.2 Classification:

o Standard Exercise (Q1-Q21): These questions represent the core competency
requirements. Q1-Q4 focus on negation and evaluation; Q5-Q15 focus on proofs and
sum/difference identities; Q16-Q21 involve finding values within restricted branches.

e Advanced Tier (Q22 - Q25 & Miscellaneous): These involve multi-step reasoning,
nested functions, and complex algebraic interconversions that test the limits of
property application.

The following section describes how to systematically categorize and solve these problems
through pattern recognition.

SECTION 3: PROBLEM-SOLVING AND MEMORY

Competitive success in CBSE Mathematics requires students to move beyond rote
calculation toward pattern recognition. By identifying the mathematical "Family" of a
problem, a student can immediately select the correct method and avoid common logical
pitfalls.

3.1 Problem Types
¢ Problem Type: Complementary Pair Simplification
e Structural Goal: Recognize pairs that sum to /2 to eliminate inverse terms.

« Recognition Cues: Surface: Addition of sin~" and cos™" | Structural: Addition of two
co-functions with identical arguments x.

e What You're Really Doing: Using the geometric fact that co-functions of the same
argument represent complementary angles in a right triangle.

o NCERT References: Example 9 | Exercise 2.2, Q1-Q3

e Confusable Types: Sum Identity (F2), which involves different arguments or same-type
functions.

e Problem Type: Sum/Difference Identity Application
e Structural Goal: Combine multiple inverse terms into a single, unified term.

« Recognition Cues: Surface: "Evaluate tan™"a + tan™'b" | Structural: Two inverse
functions of the same type being added/subtracted.

e What You're Really Doing: Applying the algebraic equivalent of the trigonometric sum-
to-product formulas.
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e NCERT References: Example 10 | Exercise 2.2, Q5-Q12

e Confusable Types: Complementary Pairs (F1).

e Problem Type: Odd/Even Function Properties

e Structural Goal: Resolve and eliminate negative signs within inverse arguments.

« Recognition Cues: Surface: sin™"(-x) or cos™"(-x) | Structural: A single inverse function
with a negative numericalinput.

e What You're Really Doing: Utilizing the symmetry (origin-based or mt-offset) of the
function's graph.

o NCERT References: Example 11 | Exercise 2.2, Q2, Q4

e Confusable Types: Direct Evaluation of positive arguments.

e Problem Type: Double/Multiple Angle Identities

e Structural Goal: Remove coefficients (like 2 or 3) from inverse functions.

« Recognition Cues: Surface: "Prove 2tan™'x =..." | Structural: A scalar multiplier
applied to an inverse function.

e What You're Really Doing: Transforming the expression to its single-angle algebraic
analog.

o NCERT References: Example 12 | Exercise 2.2, Q13-Q18

e Confusable Types: Sum ldentity (F2).

e Problem Type: Solving Inverse Trigonometric Equations
e Structural Goal: Determine the unknown value of x.

e Recognition Cues: Surface: "Solve for x" | Structural: An equality containing variables
and inverse functions.

e What You're Really Doing: Clearing the inverse "shell" through properties to reach a
standard algebraic equation.

o NCERT References: Exercise 2.2, Q19-Q22

e Confusable Types: Simplifying Identities (where no equation exists).

e Problem Type: Proving Complex Identities

e Structural Goal: Demonstrate that LHS = RHS using multiple properties.

o Recognition Cues: Surface: "Show that..." | Structural: Nested functions or
combinations of multiple "Families."
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e What You're Really Doing: Chaining foundational identities while strictly monitoring
domain validity.

o NCERT References: Exercise 2.2, Q23-Q25
3.2 Step-by-Step Methods
Type: Sum/Difference Identity Application: Solution Method
e Pre-Check: Explicitly verify the condition (e.g., for tan™" sum, check if xy < 1).
e Core Steps:
o Step 1: Write the sum and identify the numerical or algebraic values of x and y.
o Step 2: Substitute into the identity: tan™"((x +y) / (1 — xy)).
o Step 3: Simplify the resulting fraction to its lowest terms.

« Variants: Difference variant (requires checking xy > -1) and sin~" sum variant (verify x>
2
+y" s 1).

e When NOT to Use: If the arguments are reciprocals of co-functions (use
Complementary Pair instead).

Type: Double Angle Identities: Solution Method
e Pre-Check: Verify the specific NCERT validity interval for the target conversion.
e Core Steps:
o Step 1: Identify the coefficient and the required target (sin™", cos™, ortan™).
o Step 2: Apply the conversion formula:
= Forsin~":sin”'(2x/ (1 + x*)) — Check |x| < 1
= Forcos™':cos™'((1-x%)/(1+x?))— Checkx=0
= Fortan™':tan'(2x/ (1 -x%)) — Check |x| < 1
o Step 3: Simplify the algebraic expression inside the inverse function.
e« Variants: 3sin~'x or 3cos™'x formulas (Exercise 2.2, Q1-Q2).

e When NOT to Use: If the multiplier is not 2 (unless using the 3x variant) or if the
domain check fails.

3.3 How to Write Answers
e Answer Template: Systematic Identity Proof

e When to Use: Proving or simplifying expressions in Exercise 2.2 and Miscellaneous.
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e Line-by-Line:
o L1: State Identity: "Using the property tan™'x + tan™"y =tan™"((x +y) / (1 = xy))..."

o L2: Verify Condition: "Since xy = (1/4)(1/5) = 1/20 and 1/20 < 1, the condition is
satisfied."

o L3: Substitution/Simplification: Show the numerical substitution and the
step-by-step reduction of the argument.

o Essential Phrases: "Since the value lies in the principal value branch..., "By applying
the double-angle identity...", "Restricting x such that...".

o General Rules:
o Always use radian measure (e.g., /4) instead of degrees (45°).
o State the principal value branch range for the specific function being used.
o Verify domain constraints (Condition Discipline) for every identity applied.

3.4 Common Mistakes

o Pitfall 1: Blind Cancellation (The "lIdentity Trap")

o Category: Logical

e OccursIn: Family F2 and F5

e  Wrong: Writing sin'1(sin 21/3) = 21/3.

e v Fix: The identity holds only if the angle is in the principal branch. Perform a Quadrant
Transformation: sin(21/3) = sin(m - 1/3) = sin(1/3). Since /3 € [-1/2, /2], the answer
is 1t/3.

o Pitfall 2: Negation Confusion
o Category: Notation/Algebraic
e Occurs In: Family F3

e Wrong: cos™'(-x) =—-cos ™ (X).

« v Fix: Use the offset rule: cos™(-x) =t - cos™'(x). Only sin™', tan™", and cosec™" are
truly odd functions.

o Pitfall 3: Domain Neglect
e Category: Logical
e Occurs In: Pre-Check Step for all families

e Wrong: Evaluating cos™'(2) without checking the domain.
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e Vv Fix: Always verify -1 < x < 1 for sine and cosine inverses.

Condition Discipline: For the tan™" sum formula, you must verify xy < 1. If xy > 1, the standard
formula fails and leads to an incorrect principal value.

3.5 Exam Strategy

e Question Patterns: The most common patterns are "Prove the following identity" (4-
mark), "Find the simplest form" (2-mark), and "Find the principal value" (1-mark).

e Approach: Mastery starts with memorizing Principal Value Branches (Foundational),
progresses to single-step identity applications (Intermediate), and finishes with multi-
step proofs from the Miscellaneous Exercise (Advanced).

3.6 Topic Connections

e Prerequisites: Understanding "One-to-One and Onto" functions from Chapter 1 is the
logical requirement for defining inverses; without this, the Principal Value Branches
have no mathematical basis.

o Forward Links: These properties are the foundation for "Differentiation of Inverse
Trigonometric Functions" and the substitution methods required for "Integration by
Parts" in Calculus.

3.7 Revision Summary

e Key Points:
1. sin”'(sin x) =x if x € [-1/2, /2]
2. cos '(cosx)=xifx € [0, 1]
3. tan”'(tanx) =xif x € (-1/2, /2)
4. sin™'(=x) ==sin""(x)
5. cos™'(-x)=Tt-cos”(X)
6. sin~'(x) + cos™'(x) = /2

. tan” (x)tcot” (x)=Tt

7 '(x) '(x) =Tv/2
8. tan~'(x)+tan~'(y) =tan '((x +y) /(1 = xy)) for xy < 1
9. 2tan”'(x)=sin""(2x/ (1 +x°)) for |x| < 1
10.2tan™"(x) = cos™((1=x°) /(1 +x%)) forx= 0

e Memory Aids: Categorize functions into two groups to remember negation:

o 0dd Group (f(-x) = -f(x)): sin”", tan™", cosec™"
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o Offset Group (f(-x) = -f(x)): cos™", cot™", sec™

By following this systematic approach to properties and domain restrictions, you will build the
mathematical rigor required for success in Class 12 and beyond.
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