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Concept QuickStart – Bayes' Theorem 

 

Unit 13: Probability  

Subject: For CBSE Class 12 Mathematics 

--------------------------------------------------------------------------------  

SECTION 1: UNDERSTANDING THE CONCEPT 

In the landscape of modern statistics, Bayes' Theorem represents a profound paradigm shift 
from "forward" probability to inverse probability. While forward probability predicts an 
outcome based on known conditions (e.g., "If I have this disease, what is the probability of a 
positive test?"), Bayes' Theorem allows us to reason backward from observed eƯects to 
hidden causes (e.g., "Given this positive test result, what is the actual probability that I have 
the disease?"). As a Lead Examiner, I view this theorem not just as a calculation, but as the 
strategic cornerstone of statistical inference, moving students from basic counting to high-
level evidence-based reasoning. 

1.1 What Is Bayes' Theorem? 

Bayes' Theorem is a formal method for finding the probability of a "cause" given that an 
"eƯect" has already occurred. It serves as a mathematical bridge that allows us to update our 
initial knowledge using new evidence. 

Expert Insight: In my experience grading thousands of papers, the most successful students 
view Bayes' not as a isolated formula, but as a logical framework for "cause-from-eƯect" 
reasoning. It recognizes that our knowledge is never static; we begin with a Priori (initial) 
belief and refine it into a Posteriori (updated) belief once we have observed data. 

1.2 Why It Matters 

This theorem is the "So What?" of the probability unit. It handles uncertainty by treating 
probability as a belief update system. When new evidence arrives, Bayes' provides the exact 
mechanism to adjust our level of certainty. This logic powers everything from medical 
diagnostic tools (filtering "False Positives") to machine learning algorithms that predict user 
behavior based on past actions. For a student, mastering this means learning how to think 
like a data scientist. 

1.3 Prior Learning Connection 

Mastery of Bayes' depends on being fluent in these prerequisites (Source B10.1): 

 Conditional Probability: Functionally necessary because Bayes' is a "reverse" 
conditional. You cannot calculate P(Eᵢ|A) if you do not understand the definition of 
P(A|Eᵢ). 
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 Multiplication Theorem: Necessary because the numerator of the Bayes' formula is a 
direct application of the Multiplication Rule (P(Eᵢ ∩ A) = P(Eᵢ) × P(A|Eᵢ)). 

1.4 Core Definitions 

Based on NCERT Section 13.5, you must master these formal items using precise notation: 

 Partition of Sample Space 

o NCERT Reference: Section 13.5.1, Page 423. 

o Definition: A set of events E₁, E₂, ..., Eₙ forms a partition if they are: 

1. Pairwise Disjoint: Eᵢ ∩ Eⱼ = φ for i ≠ j. 

2. Exhaustive: E₁ ∪ E₂ ∪ ... ∪ Eₙ = S. 

3. Nonzero: P(Eᵢ) > 0 for all i. 

o Used In: Problem Type F6 and F7. 

 Theorem of Total Probability 

o NCERT Reference: Section 13.5.2, Page 424. 

o Definition: P(A) = Σⱼ₌₁ⁿ P(Eⱼ) × P(A|Eⱼ) 

o Used In: This acts as the essential "denominator" for all Bayes' problems. 

 Bayes' Theorem 

o NCERT Reference: Section 13.5, Page 425. 

o Definition: P(Eᵢ|A) = [P(Eᵢ) × P(A|Eᵢ)] / [Σⱼ₌₁ⁿ P(Eⱼ) × P(A|Eⱼ)] 

o Used In: Family F6 (Reverse Probability) problems. 

--------------------------------------------------------------------------------  

SECTION 2: WHAT NCERT SAYS 

The NCERT pedagogical approach is a "ladder" of logic. It begins by teaching you how to 
Partition a sample space into mutually exclusive causes. It then uses the Total Probability 
theorem to find the overall likelihood of an event. Finally, it introduces the Reverse 
Probability formula (Bayes') to determine which specific cause was most likely responsible 
for an observed result. 

2.1 Key Statements (Examiner's Truths) 

1. Valid Partition: For any Bayes' calculation, the hypotheses (E₁, E₂, etc.) must be 
pairwise disjoint and exhaustive. If the sum of your Priori probabilities ≠ 1, your setup is 
logically flawed. 
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2. Priori Probability: These are the "Initial" probabilities of the causes before the 
experiment (e.g., the standard probability of a machine being used). 

3. Posteriori Probability: This is the "Updated" probability calculated after the evidence 
is known (e.g., the probability that Machine A was used given we found a defective 
bolt). 

4. Nonzero Condition: The observed event 'A' must be possible (P(A) > 0). 

2.2 Examples and Exercises 

Selected Worked Examples: 

 Example 16 (Urns/Bags), Page 426: 

o Strategic Goal: Identifying two "causes" (Bag I vs. Bag II) and calculating the 
reverse probability of a specific bag given a red ball. 

o Importance: The most common foundation for 3-mark board questions. 

 Example 18 (Medical Test), Page 428: 

o Strategic Goal: Handles the nuance of "False Positives." It teaches students 
that even with a "90% accurate test," the actual probability of disease can be 
low if the disease is rare in the general population. 

o Importance: Frequent 5-mark application question. 

 Example 19 (Factory Defects), Page 429: 

o Strategic Goal: Managing a three-hypothesis partition (Machines A, B, and C). 

o Importance: Prepares students for the heavy summation required in the 
denominator. 

Essential Exercise Ranges (Exercise 13.3): 

 Foundational (Q1–Q5): Focus on basic Urn and Bag partitions. 

 Advanced Applications (Q6–Q12): Real-world scenarios like insurance risk, blood 
tests, and multiple-choice guessing logic. 

--------------------------------------------------------------------------------  

SECTION 3: PROBLEM-SOLVING AND MEMORY 

3.1 Problem Types 

Mastery depends on distinguishing between the "Total" eƯect and the "Reverse" cause. 

 Problem Type: Family F7 (Total Probability) 
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o Structural Goal: Find the overall probability of an eƯect across all possible 
causes. 

o Cues: Phrases like "Find the overall probability" or "What is the probability that 
the item is defective?" (without specifying a source). 

 Problem Type: Family F6 (Reverse Probability/Bayes') 

o Structural Goal: Identify the specific cause of a known outcome. 

o Surface Cues: "Given that it is found to be...", "If the ball is red, find the 
probability it came from...", "What is the probability that it was produced by 
Machine A?". 

o Structural Cues: Multiple exclusive causes leading to one single eƯect. 

o DiƯerentiation: Basic Conditional Probability (Family F1) deals with a single 
experiment; Bayes' (F6) involves multiple paths leading to the same result. 

3.2 Step-by-Step Method Blueprint (Family F6) 

Type: Bayes' Reverse Probability Solution Method 

 Pre-Check: Verify E₁, E₂, ... sum to 1. Verify P(A) > 0. 

 Step 1: [Setup Hypotheses] Define E₁, E₂, ... as the mutually exclusive causes. 

 Step 2: [Identify Observation] Define event 'A' as the observed eƯect. 

 Step 3: [Compute Priori] List initial probabilities P(E₁), P(E₂), etc. 

 Step 4: [List Likelihoods] Write conditional probabilities P(A|E₁), P(A|E₂), etc. (Forward 
chances). 

 Step 5: [Compute Total Probability] Calculate the denominator P(A) = Σ P(Eⱼ) × P(A|Eⱼ). 

 Step 6: [Transform/Apply Bayes] Substitute into the Bayes' formula for the specific 
cause requested. 

 Step 7: [Simplify] Reduce the resulting fraction. 

 Step 8: [Sanity Check] Ensure 0 ≤ P ≤ 1. (Posterior probabilities for all causes must 
sum to 1). 

Variant Nuances: 

 Variant C (Medical Tests): Involves "False Positives." The "Priori" P(E₁) is often the 
general population prevalence (e.g., 0.1% have the disease). 

 Variant D (Factory Machines): Usually involves three hypotheses. Watch for 
percentages (e.g., "Machine A produces 50% of items"). 
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 When NOT to Use: Do not use Bayes' for simple conditional probability (Family F1) 
where there is only one path or no partition. It is overkill and wastes time. 

3.3 How to Write Answers (The Mark-Securing Frame) 

To secure the full 5 marks, the examiner looks for this specific line-by-line structure: 

 L1 (Hypothesis): "Let E₁ and E₂ be the events of selecting Bag I and Bag II respectively." 

 L2 (Event): "Let A be the event that the ball drawn is red." 

 L3 (Likelihoods): Clearly list values: P(E₁), P(E₂), P(A|E₁), P(A|E₂). 

 L4 (Total Prob): CRITICAL: State "By Theorem of Total Probability, P(A) = P(E₁)P(A|E₁) + 
P(E₂)P(A|E₂)." (Missing this phrase often loses 0.5 to 1 mark). 

 L5 (Substitution): State "Using Bayes' Theorem, P(E₁|A) = ..." and show the calculation. 

3.4 Common Mistakes (Mistake Prevention Table) 

Pitfall Name Category  Wrong ✓ Fix 

Condition 
Reversal 

Logic 
Confusing P(Defective|Machine A) 
with P(Machine A|Defective). 

"Given" event always goes 
after the bar: P(Target|Given). 

Partition 
Failure 

Logic P(E₁) + P(E₂) = 0.8. 
Causes must cover 100% of 
possibilities (Sum = 1). 

Denominator 
Error 

Algebra 
Using only one likelihood term in the 
denominator. 

The denominator must be the 
SUM of all possible paths. 

3.5 Exam Strategy: Score-Maximizer 

 Urns to Medical Tests: Moving from Urn problems to Medical/Factory scenarios is a 
shift from counting balls to interpreting proportions. Treat "99% accuracy" as 
P(Positive|Disease) = 0.99. 

 Signposting: Always write "Using Bayes' Theorem." It signals to the evaluator that you 
understand the inverse nature of the problem. 

3.6 Topic Connections 

Bayes' Theorem is the ultimate conclusion to Unit 13. It is the bridge between theoretical 
probability and real-world decision-making. Mastery here ensures you can handle any 
conditional probability question in the Board Exam. 

3.7 Revision Summary 

1. Inverse Logic: Finds cause from an observed eƯect. 

2. The Partition: Hypotheses must be disjoint (no overlap) and exhaustive (sum to 1). 
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3. Priori: Your initial starting probability. 

4. Posteriori: Your updated probability after evidence. 

5. Denominator: Always represents the Total Probability of the eƯect. 

6. Sum Check: All calculated posterior probabilities for all causes must sum to 1. 

7. Keywords: "Given that," "found to be," "is known to be." 

8. Calculation: Simplify fractions before the final division to avoid massive numbers. 

9. Notation: Use P(Eᵢ|A) = [P(Eᵢ)P(A|Eᵢ)] / Σ[P(Eⱼ)P(A|Eⱼ)]. 

10. Tree Diagram Checklist: Use a tree to visualize the partition (first branches) and the 
paths to the event (second branches). Multiply along branches; sum the relevant paths 
for the denominator. 

--------------------------------------------------------------------------------  

Master Teacher's Closing Statement: Bayes' Theorem is your most powerful tool for 
"reasoning backward" with total precision. In the exam, do not rush the arithmetic. Clearly 
define your E₁ and E₂ first. Once your partition is correct, the formula is simply a map that 
leads you to the full 5 marks. Practice the structure, and you will win. 

 


