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Concept QuickStart — Multiplication Theorem on Probability

Unit 13: Probability

Subject: For CBSE Class 12 Mathematics
SECTION 1: UNDERSTANDING THE CONCEPT
1.1 What Is the Multiplication Theorem?

The Multiplication Theorem on Probability is the essential tool we use to answer one specific
question: "How do we find the probability of multiple events occurring in a specific
sequence?" While basic probability often looks at a single event, this theorem allows us to
"chain" probabilities together to model a series of actions.

The "Big Idea" here is that the joint probability of two events is found by taking the probability
of the first event and multiplying it by the probability of the second event given that the first
one has already happened. A very common misunderstanding among students is the
assumption that probabilities remain constant throughout an experiment. In reality,
especially when drawing balls from an urn without putting them back, the likelihood of later
events changes based on earlier outcomes. This theorem provides the mathematical
discipline to track those changes accurately as they happen.

1.2 Why It Matters

Strategically, the Multiplication Theorem serves as the structural bridge between simple
probability and advanced statistical models. It is the logical engine behind the "numerator" in
Bayes' Theorem. For any student aiming to master sequential decision-making—such as
calculating the chances of drawing three consecutive kings from a deck or predicting the
color of the third ball drawn from an urn—the ability to chain probabilities correctly
transforms abstract theory into a practical tool.

1.3 Prior Learning Connection
To master this rule, you must recall three essential building blocks from earlier studies:

¢ Sample Space (S): You must be able to define the set of all possible outcomes.
Without a clear "universe" of possibilities, you cannot determine the denominator of
your fractions.

o Equally Likely Outcomes: This is your "mathematical license." It is the fundamental
assumption that every outcome has the same chance, allowing us to use the standard
"favorable divided by total" formula.
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Conditional Probability P(E|F): This is the foundation. You must understand that
information about event F "shrinks" your world, forcing you to re-evaluate event E
relative to this new, smaller space.

1.4 Core Definitions

Based on the official NCERT curriculum, here are the formal definitions you need to know:

Multiplication Theorem for Two Events
o NCERT Reference: Section 13.3, Page 415

o Definition: For any two events E and F associated with a sample space S, the
probability of the simultaneous occurrence of the events E and Fis given by P(E
n F) = P(E) x P(F|E), provided P(E) # 0.

o Used In: Problem Families F2a and F2b.
Multiplication Rule for More Than Two Events (Chain Rule)
o NCERT Reference: Section 13.3, Page 416

o Definition: IfE, F, and G are three events, then P(E n F n G) = P(E) x P(F|E) x P(G|E
n F). This means G occurs given that both E and F have already occurred. This
can be extended to any humber of events.

o Used In: Problem Family F3.

SECTION 2: WHAT NCERT SAYS

2.1 Key Statements

The NCERT text highlights several critical principles regarding how we chain events together:

1.

Logical Reversibility: The joint probability P(E n F) can be calculated starting with
either event. You can multiply P(E) by P(F|E), or P(F) by P(E|F).

Sequential Dependence: In experiments like drawing cards without replacement, the
probability of the second event is strictly conditional on the first outcome.

The "Chain" Extension: For three events, the third stage must be conditioned on
everything that happened before (the intersection of the first two events).

Non-Zero Requirement: These formulas are only valid if the conditioning event has a
probability greater than zero (P > 0). You cannot build a chain on an impossible event.

Formula Rearrangement: A key pedagogical insight is that the Multiplication Theorem
is simply the definition of Conditional Probability—P(E|F) = P(E n F) / P(F)—rearranged
to solve for the intersection. We are essentially saying "Total = Start x Change."

2.2 Examples and Exercises
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Use this map to focus your practice on the most important NCERT patterns:

NCERT . .
Page[Concept Demonstrated |Strategic Insight
Example
Two-event "Without This is the most common 2-mark question
Example 8 (415 )
Replacement” pattern in CBSE board exams.

Example 9 (416

Three-event "Without A high-weightage pattern that tests your ability to
Replacement” maintain a chain without losing count.

Exercise Mapping:

Exercise 13.2 (Q2, Q3): Standard Family F2b (Without Replacement) logic.

Exercise 13.2 (Q1, Q7, Q8): Basic application of the multiplication rule.

SECTION 3: PROBLEM-SOLVING AND MEMORY

3.1 Problem Types (Problem Families)

Family F2a: Multiplication with Replacement

Structural Goal: Find joint probability when the sample space remains constant.

Recognition Cues (Surface): "with replacement," "independent," "repeatedly tossed."

Recognition Cues (Structural): The result of Stage 1 does not change the
composition or availability of items for Stage 2.

What You're Really Doing: Multiplying static, unchanging probabilities because the
first action doesn't "exhaust" the options.

NCERT References: Exercise 13.2 Q13(i).

Confusable Types: Often confused with F2b, but the keyword "replaced" means the
denominator stays the same.

Family F2b: Multiplication Without Replacement

Structural Goal: Find joint probability when the sample space shrinks.

Recognition Cues (Surface): "without replacement,” "successive draws," "one after

the other."

Recognition Cues (Structural): The result of Stage 1 reduces the available options for
Stage 2.

What You're Really Doing: Updating your counts. If you take a red ball out of an urn,
there is one less red ball and one less total ball for the next draw.
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NCERT References: Example 8, Exercise 13.2 Q2.

Confusable Types: Distinguished from F2a by the "changing denominator" logic.

Family F3: The Chain Rule (3+ Events)

Structural Goal: Calculate probability for a sequence of three or more events.
Recognition Cues (Surface): "Three cards are drawn," "First, second, and third."

Recognition Cues (Structural): Multiple successive stages where each stage's
outcome is determined by the cumulative history of all previous draws.

What You're Really Doing: Creating a string of multiplications where each fraction is
"aware" of all items already removed.

NCERT References: Example 9, Exercise 13.2 Q3.

3.2 Step-by-Step Methods

Method for Family F2b (Without Replacement)

1.

2.

8.

9.

Pre-Check: Ensure P(A) > 0 and the problem states "without replacement."

Step 1 (Setup): Define Event A (1st draw) and Event B (2nd draw).

Step 2 (Verify Dependence): Confirm that drawing A changes the probability of B.
Step 3 (Probability of First Event): Calculate P(A) using the initial total n(S).

Step 4 (Update Sample Space): Decrease the total count n(S) by 1 (e.g., 52 becomes
51).

Step 5 (Update Favorable Outcomes): If A and B are the same type, decrease the
favorable count by 1.

Step 6 (Conditional Probability of Second Event): Compute P(B|A) using these new
numbers.

Step 7 (Multiply): P(A n B) = P(A) x P(BJA).

Step 8 (Simplify and Sanity Check): Ensure resultis between 0 and 1.

Method for Family F3 (Chain Rule)

1.

2.

Pre-Check: Identify the sequence of 3+ events.
Step 1 (Setup): Define events E,, E,, and E,.
Step 2 (Probability of First Event): Find P(E,). (e.g., 4/52 for a King).

Step 3 (Update/Conditional for Second): Find P(E,|E,) by decreasing the total (e.g.,
3/51).
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5. Step 4 (Update/Conditional for Third): Find P(E;|E, n E,) by decreasing the total again

(e.g., 2/50).

6. Step 5 (Multiply Chain): Multiply the string of updated fractions:

o Visual Pattern: (4/52) x (3/51) x (2/50)

7. Step 6 (Simplify and Sanity Check): Simplify the final fraction.

When NOT to Use: Do not use these if the events are from entirely unrelated experiments

(e.g., acointoss in Delhi and a die roll in Mumbai) where no physical "removal" of items

occurs.

3.3 How to Write Answers (The "CBSE Mark-Saver")

Line-by-Line Frame for Family F2b:

"Let A be the event that the [first item] is [condition]."

"Let B be the event that the [second item] is [condition]."

"Since the items are drawn without replacement, the events are dependent.”
"P(A) = [favorable]/[total]"

"After drawing the first [item], [remaining favorable] [items] and [remaining total] total
[items] are left."

"P(B|A) = [remaining favorable]/[remaining total]"
"By Multiplication Theorem: P(A n B) = P(A) x P(B|A)"

"Result = [Simplified Fraction]"

General Rules for Full Marks:

1.

2.

Define Events: Always use words to define A, B, or E, first.

Explicit Justification: Use phrases like "without replacement" to justify changing
denominators.

Simplify: Always provide the final fraction in its simplest form.

Range Check: Ensure your probability is 0 < P< 1. Ifit's higher than 1, you added
instead of multiplied!

Consistent Symbols: Use the intersection symbol (n) consistently in your final steps
rather than just writing the word "and."

3.4 Common Mistakes (Pitfalls and Conditions)

Pitfall 1: The "Static Denominator" Error
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¢ Symptom: You keep using the original total (e.g., 52) for every draw in a "without
replacement" problem.

¢ Wrongvs. Fix:
o Wrong: (4/52) x (3/52)
o Fix: (4/52) x (3/51).

o The Mental Trap: Your brain wants to keep using 52 because that's what you started
with.

¢ The Fix: Mentally "remove" the card from the room. Imagine it is in your hand, notin
the deck. Ifit's in your hand, it cannot be in the deck, so the deck must be 51.

Pitfall 2: Reversing the Condition
¢ Symptom: Calculating P(A|B) when the question asks for P(B|A).

¢ Wrong vs. Fix: I[dentify the timeline. Whatever happened first is your "condition" (the
event after the vertical bar).

Critical Conditions:

¢ Nonzero Probability: You must verify P(Condition) > 0. You cannot calculate the
probability of a second draw if the first draw was physically impossible.

3.5 Exam Strategy

The Learning Path:
1. Foundational: Solve NCERT Example 8 and Exercise 13.2 Q2.
2. Intermediate: Master Example 9 (the 3-card chain).

3. Advanced: Tackle Q13 in Exercise 13.2, comparing "With" and "Without" replacement
in the same problem.

Common Question Patterns:
e Urn Problems: Drawing colored balls without replacement.

e Card Successions: Drawing specific ranks (Kings, Aces) from a standard 52-card
deck.

3.6 Topic Connections

¢ Backward: This theorem relies on correctly identifying the Sample Space and the
assumption of Equally Likely Outcomes.

e Forward: This theorem is the "Numerator Logic" for Bayes' Theorem. When you find
the probability of a specific "path" in Bayes', you are simply using the Multiplication
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Theorem. It also leads to Independent Events, where the rule simplifies to P(A n B) =
P(A) x P(B).

3.7 Revision Summary
¢ Key Points:
1. Multiplication rule finds the probability of events happening in sequence.
2. Fortwo events: P(A n B) =P(A) x P(B|A).
3. "Without replacement” means the denominator must decrease.

4. "With replacement" means the events are independent and the denominator
stays same.

5. Forthree events: P(E, n E, n E;) = P(E,) x P(E,|E,) x P(E5|E; n E,).
6. Always verify that the conditioning event has P > 0.
7. Define your events (A, B, C) in words to avoid confusion.

8. Update both the numerator and denominator if the items drawn are of the same
type.

9. Thetheorem is simply a rearrangement of the Conditional Probability formula.
10. All final probabilities must be between 0 and 1.

¢ Memory Aid (The "Multiply-Then-Sum" Logic): When solving multi-stage problems,
Multiply along the path (Stage 1 x Stage 2) to find the probability of that specific
sequence. Only Sum results if there are multiple different "paths" that lead to your
goal.
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