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CONCEPT QUICKSTART - Linear Programming Problem and its
Mathematical Formulation

Unit: Unit 12: Linear Programming

Subject: For CBSE Class 12 Mathematics

SECTION 1: UNDERSTANDING THE CONCEPT

Linear Programming (LP) acts as the strategic bridge between algebraic inequalities and
industrial efficiency, serving as a vital tool for modern resource management. It allows
decision-makers to translate real-world restrictions—such as limited budgets, time, or raw
materials—into mathematical models that reveal the most efficient path forward. By
identifying the "best" choice among infinite possibilities, Linear Programming ensures that
every unit of input yields the maximum possible benefit in a world of finite resources.

1.1 What Is Linear Programming Problem? A Linear Programming Problem (LPP) is the
mathematical process of finding the optimal value (the absolute maximum or minimum) of a
linear function, called the Objective Function, subject to a set of linear limits known as
Constraints.

o Deep Insight: LPP is fundamentally the "Science of Choice." It is the logical framework
used when your goals (like maximizing profit) meet the hard limits of reality (like having
only 8 hours of machine time).

e Common Misunderstanding: The word "Linear" does not refer to the difficulty of the
problem. It strictly indicates that all variables involved have a mathematical degree of
1 (e.g., xandy, never X2 or xy). This ensures that every relationship in the problem can
be represented by a straight line on a graph.

1.2 Why It Matters In competitive sectors like logistics, manufacturing, and even healthcare,
optimization is the difference between profit and loss. LPP allows a factory to determine the
exact product mix that maximizes revenue while respecting labor limits, or a shipping
company to minimize fuel costs while meeting delivery deadlines. It transforms vague
business goals into precise mathematical certainty.

1.3 Prior Learning Connection To succeed in Unit 12, the following Class 11 foundations are
non-negotiable:

e Linear Inequalities in Two Variables:

o Requirement Logic: You must be able to graph boundary lines and correctly
identify the "half-plane" to shade. Pedagogy Note: Incorrect shading is the
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leading cause of exam failure in this unit; if the shading is wrong, the entire
"Feasible Region" is lost.

e Systems of Linear Equations:

o Requirement Logic: Solving two equations simultaneously is the only way to
find the exact coordinates of "Corner Points." Precision here is vital, as an error
in intersection calculation leads to an incorrect final value.

1.4 Core Definitions

Objective Function (Z = ax + by) The linear function that we intend to maximize (profit) or
minimize (cost). Used In: Production problems to aggregate unit profits into a single
maximization target, or Diet problems to sum individual food costs into a minimum budget.

Decision Variables (x and y) The quantities we control and must decide upon. Used In:
Determining the specific "output mix," such as the number of "Model A" vs. "Model B" units to
manufacture to satisfy market demand.

Constraints The linear inequalities representing restrictions like budget, labor hours, or raw
materials. Used In: Modeling "Storage Limits" where the total pieces (x + y) must not exceed a
warehouse's capacity (e.g., x + y < 60).

Non-negative Restrictions (x 2 0, y =2 0) The "Reality Check" ensuring variables don't take
impossible negative values. Used In: Every formulation; you cannot produce negative chairs
or ship negative kilograms of food.

Feasible Region The "Allowed Zone"—the common region where all shaded constraint half-
planes intersect. Used In: Isolating the search area for the optimal solution before applying
the Corner Point Method.

Moving from Theory to Practice: These definitions form the vocabulary used by NCERT to
establish the boundary of the CBSE syllabus, specifically focusing on graphical solutions and
the concept of convexity.

SECTION 2: WHAT NCERT SAYS

NCERT provides the definitive scope for the CBSE board, restricting the syllabus to problems
solvable via 2D graphical methods. It assumes the "Convexity" of feasible regions, meaning
any two points within the region can be connected by a line segment that stays entirely inside
the region.

2.1 Key Statements and Theorems

1. Feasible Solutions: Any point within or on the boundary of the feasible regionis a
valid choice.
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2. Corner Points (Vertices): These are the points where two boundary lines intersect.

3. Theorem 1: If an optimal value (Max or Min) exists, it must occur at a Corner Point

(Vertex) of the feasible region.

4. Theorem 2: If the feasible region is "bounded" (can be enclosed in a circle), both a
maximum and a minimum value will always exist at the corner points.

5. Remark on Unbounded Regions: If the region extends to infinity, an optimal value
may not exist. If it does exist, it must still be at a corner point, but it requires a "Half-

Plane Test" for verification.

2.2 Examples and Exercises

Example & . .
Strategic Lesson Why it is a "Must-Solve"
Page
Example 1 (p. . . . . .
399) Basic Bounded Region |[Standard introduction to the Corner Point Method.
Example 2 (p. [Minimization & Diet Teaches handling of = constraints and cost
400) Logic minimization.
Example 3 (p. [Multiple Optimal Identifies when two corners give the same value
401) Solutions (Infinitely many solutions).
Example 4 (p. |Handling Unbounded .
. Critical for the Half-Plane Test (Z<morZ > M).
402) Regions
Example 5 (p. . . ... |Recognizing when constraints are contradictory (No
Identifying Infeasibility . .
403) feasible region).

Exercise 12.1 Categorization:

e Basic Formulation & Solving: Q1, Q2, Q3, Q5. Focus on standard bounded regions.

e Complex Graphical Analysis: Q4, Q6, Q9, Q10. These involve unbounded regions,
multiple optima, or unique constraints (like x <y).

SECTION 3: PROBLEM-SOLVING AND MEMORY

Mastering LPP requires recognizing the internal "structure" of a word problem before your pen

even touches the graph paper. You are essentially a detective looking for the "Family" the

problem belongs to.

3.1 Problem Families
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Problem Type: Production Problems
e Structural Goal: Maximize Profit.
o Recognition Cues: "At most," "Storage space," "Budget limit." (Signs of < constraints).

e So What? You are trying to pack as much value as possible into a limited "container"
of resources.

e NCERT Reference: Example 1; Furniture Dealer problem.

e Confusable Types: Allocation Problems; whereas Production focuses on making
items, Allocation focuses on distributing a fixed resource (like money) across different
investments.

Problem Type: Diet Problems
e Structural Goal: Minimize Cost (The "Cheapest way to stay healthy").

e Recognition Cues: "At least," "Minimum requirement,” "Nutritional needs." (Signs of =
constraints).

e So What? You are finding the floor (minimum needed) and trying to stay as close to it
as possible to save money.

o NCERT Reference: Example 2.

o Confusable Types: Blending Problems; while both involve mixing, Blending often
focuses on chemical or material "quality" rather than just human nutrition.

Problem Type: Transportation Problems
e Structural Goal: Minimize Shipping Costs.
e Recognition Cues: "Source to Destination," "Supply," "Demand."

e So What? You are moving goods through the cheapest routes while ensuring every
store is stocked and every warehouse is cleared.

e NCERT Reference: Historical Note (p. 404).

e Confusable Types: Logistics problems with time constraints; LPP Transportation
focuses strictly on cost per unit.

3.2 The Corner Point Method
1. Pre-Check: Immediately write x= 0, y 2 0. Do not wait.

2. Boundary Line Plotting: Treat inequalities as equations (=) to draw lines. Use
intercepts (set x=0, then y=0) for speed.

3. Shading: Test the origin (0,0). If O < limit is true, shade toward the origin.
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4. Corner ldentification: Solve equations simultaneously for intersection points.
5. Corner Evaluation: Plug each (x, y) into Z = ax + by.

6. Multiple Optimal Solutions: If two corners give the same result, every point on the
line segment connecting them is also an optimal solution.

3.3 Answer Template (For Full Marks)
e L1 (Variables): "Let x be the number of [ltem A] and y be the humber of [Item B]."
e L2 (Objective): "Maximize (or Minimize) Z = [Value A]x + [Value Bl]y."
e L3 (Constraints): "Subject to: [Inequality 1], [Inequality 2]...and x=0,y=0."

o Essential Phrases: "Feasible region is bounded/unbounded," and "Optimal value
occurs at corner point (vertex)..."

3.4 Common Pitfalls
o Pitfall: Inequality Reversal
o Wrong: Using = for "At most."
o ¥ Fix: "At most" is a ceiling (). "At least" is a floor ().
o Pitfall: Units Mismatch
o Wrong: Using grams in one constraint and kilograms in another.
o ¥V Fix: Convert everything to a single unit before formulating.
o Pitfall: Origin Confusion
o Wrong: Shading the wrong side of a line that passes through (0,0).
o V Fix: If the line passes through (0,0), test (1,0) or (0,1) instead of the origin.
o Pitfall: Forgetting Non-Negativity
o Wrong: Leaving outx=0,y=0.
o ¥ Fix: This is a mandatory constraint for every real-world problem.

3.5 Bridge Table: Topic Connections

Prerequisites (Backwards) Forward Links (Future)

Linear Inequalities (Class 11): Foundations of|Operations Research: Advanced corporate
shading and half-planes. decision-making models.
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Systems of Equations: Required for precise |Industrial Optimization: Global supply chain
vertex calculation. and airline scheduling.

3.6 Revision Summary
1. Objective Function (Z): The target (Max Profit/Min Cost).
2. Decision Variables (x, y): The choices you are making.
3. Constraints: The limits (Budget, Time, Space).
4. Non-Negativity: Always include x=0, y = 0.
5. Theorem 1: The optimal answer is ALWAYS at a Corner Point.
6. Multiple Optima: Occurs when two corners give the same Z-value.
7. Unbounded Regions: Require a Half-Plane test to confirm if an optimum truly exists.

Formulation Checklist:

Did | define x and y with units?

e IsZ=ax+ by written correctly?

o Are "At least ()" and "At most (=)" signs correct?
e Didlincludex=z0andy=0?

e Isthe feasible region correctly identified?
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